
234247 - minzixebl`
2010 x`exata 14 mipiipr okez3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . BFS (Breadth First Search) mzixebl` 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mzixebl`d 1.13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zepekp zgked 1.25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeikeaiq 1.35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . predecetor "min
ew"d 1.45 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexrd 1.56 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (Depth First Search) DFS mzixebl` 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mzixebl`d 2.17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeikeaiq 2.28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . sxba zezywd ibeq 2.38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mihtyn 2.410 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oeekn `l sxba DFS mzixebl` 2.510 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miwixt i` miaikxe d
xtd iznv 2.612 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . menipin yxet ur 313 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ixpbd mzixebl`d 3.115 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeilnihte`l mi`pz 3.216 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Kruskal mzixebl` 3.316 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Prim ly mzixebl`d 3.417 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xzeia milw milelqn 418 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Dijkstra mzixebl` 4.120 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Bellman-Ford 
xet-onla mzixebl` 4.223 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . inpi
 oepkz 4.324 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miip
ng minzixebl` 524 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeniyn ueaiy 5.125 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xzei zakxen dira - zeniyn ueaiy 5.21



26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Huffman ivr 5.327 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ont`d mzixebl` 5.429 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . inpi
 oepkz 630 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ilnihte` zevixhn ltk 6.131 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mileexhpi` ueaiy 6.232 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Sequence Alignment ziira 6.334 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Subset Sum ziira 6.434 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Knapsack ziira 6.535 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dnixf 740 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Ford-Fulkerson ly mzixebl`d 7.143 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i

v e
 sxba xzeia le
b je
iy 7.245 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . minepilet ly xidn ltk 846 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oeirxd 8.1
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BFS (Breadth First Search) mzixebl` 1
s ∈ V zneve ,iteqe oeekn `l G (V,E) - oezp.s-e v oia wgxnd z` v ∈ V znev lkl aygl - dxhnd.δ (v) =∞ f` v-e s oia lelqn miiw `l m` .G sxba v-l s oia wgxnd - δ (v) - oeniq- a ynzyi mzixebl`d

v-l s oia xzeia xvwd lelqnd jxe`l ,mzixebl`d hlt - λ (v) •
v ly "m
ew"d - pred (v) •xez Q •mzixebl`d 1.1

pred (v) = NIL ,λ (v) =∞ rva v ∈ V \ {s} lkl .1
pred (s) = NIL ,λ (s) = 0 : s xear .2

Q xezl s z` qpkd .3- wix epi` Q xezd 
er lk .4
u onqp ,Q xezd y`xa znevd z` `ved (`):λ (v) =∞ exear u ly v oky lkl (a)

λ (v) = λ (u) + 1 .i
pred (v) = u .ii

Q xezd jezl v z` qpkd .iiizepekp zgked 1.2.λ (v) jxe`a v-l s oia lelqn G sxba miiw mzixebl`d zvix meiqa λ (v) 6=∞ exear v ∈ V znev lkl 1.1 dprh- λ (v) jxr lr divwep
i`a :dgked.qt` ekxe`e ,envrl s oia wix lelqn yi sxba ok`e λ (v) = 0⇒ v = s - qiqa •- 
rv •.λ (v) = k mxear miznvd lk xear gikepe λ (v) < k exear v znev lkl zepekp gipp –.(u, v) ∈ E zywe λ (u) = k − 1 exear u znev miiw if`λ (v) = k m` –zywd z` P lelqnd seql xyxyp .k− 1 ekx`y u-e s oia P lelqn miiw ik lawp divwe
pi`d zgpdn –

k ekx`y v-e s oia lelqn eplaiwe (u, v)3



.δ (v) ≤ λ (v) miiwzn mzixebl`d zvix meiqa λ (v) 6=∞ exear v ∈ V znev lkl 1.2 dpwqn.zg` mrt xzeid lkl xezl qpkp znev lk 1.3 dxrd
Q xezl edyizn qpkp v n"n` λ (v) 6=∞ znev lkl 1.4 dxrd.v iptl xezl qpkp u if` λ (u) < λ (v) mbe λ (u) 6=∞, λ (v) 6=∞ mxear v-e u miznv ipy lkl 1.5 dprhiptl xezl eqpkp gxkda λ (u) < λ (v) miniiwnd u miznvd lk λ (v) 6= ∞ exeary v znev lkly d`xp :dgked.v znevd- λ (v) jxr lr divwe
pi`a gikep.wix ote`a zniiwzn dprhd λ (v) = 0⇒ v = s - qiqa •- 
rv •

λ (v) = k + 1 - miiwnd v znev xear gikepe λ (v) ≤ k mr v miznvd lk xear zepekp gipp –.λ (u) = k miiwnd v ly oky `edy ,u znev Q-n `vei ,Q xezl qpkp v xy`k –

u 6= u′ znev lr opeazp .u iptl xezl eqpkp λ (w) < k mxear w miznvd lk ,divwe
pi`d zgpd itl –lra `ed k zeidl seqpi`n λ (u′) z` ok
ry znevdy oeeik v iptl xezl qpkp u′ .λ (u′) = k exear.u iptl xezl qpkp okle λ = k − 1.λ (v) = δ (v) - miiwzn ,mzixebl`d zvix meiqa λ (v) 6=∞ exear v znev lkl 1.6 htyn- δ (v) lr divwe
pi`a :dgked.0-a λ (s) z` wx onqn mzixebl`d ok`e v = s gxkda xxeb δ (v) = 0 - qiqa •.δ (v) = k miiwnd v znev xear gikepe δ (v) < k miniiwny v miznvd lk xear zepekp gipp - 
rv •- v-e s oia G sxba xzeia xvwd lelqnd lr opeazp –

s→ v1 → v2 → · · · → vk−1 → vk = vxezdn `vei vk−1 ea mzixebl`d zvixa alyd lr lkzqp ,v iptl Q-l qpkp vk−1 znevd ,1.5 dprh itl-
λ (v) = k onqi mzixebl`d if` λ (v) =∞ m` ∗did λ (v) z` oniqy u znevd okle (epnn `vi xaky e` Q-a `vnp v xnelk) λ (v) 6= ∞ - zxg` ∗.λ (v) ≤ k okl ,λ (u) = k − 1 jxr lra xzeid lkl.λ (v) ≤ k dxwn lka xnelk4



λ (v) = δ (v) = k lkd jqa okl λ (v) ≥ δ (v) = k 1.1 dprhn –.v-l s oia lelqn G sxba miiw `l if` mzixebl`d zvix meiqa λ (v) =∞ m` v znev lkl 1.7 dprh- G sxba v-e s oia lelqn yiy dlilya gipp :dgked
s→ v1 → · · · → w→ u→ · · · → vonqpe ,w epnqpe (dfk zeidl aiig okl ,miiwzn df s xear) λ (v) 6= ∞ exeary lelqna oexg`d znevd lr opeazpokle u lr hxtae ,w ly mipkyd lk lr epxar Q xezdn `vi w ea alya ik okzii `l df .u-a eixg` `ad znevd z`

λ (u) = λ (w) + 1zeikeaiq 1.3
O (|V |) - legz` •

O (|V |) xezl dqpkd okl .zg` mrt xzeid lkl xezl qpkp znev lk •zg` mrt (u, v) zywd lr) miinrt xzeid lkl zyw lk lr lkd jqa mixaer ,xezdn miznv mi`ivenyk •
O (|V |+ |E|) xezdn d`ved okl (xezdn `vi v xy`k zg` mrte xezdn `vi u xy`k.O (|V |+ |E|) - lkd jqa

predecetor "min
ew"d 1.4- xy`k ,Gpred = (Vpred, Epred) xi
bp
Vpred = {v ∈ V | pred (v) 6= NIL} ∪ {s}

Epred = {(pred (v) , v) ∈ E | pred (v) 6= NIL}

G ly sxb zz `ed Gpred •

s oiae opia lelqn yiy G-a miznvd zveaw `ed Vpred •xiyw Gpred •(xiyw `ed xen`ke |E| = |V | − 1 okl ,zg` zyw wei
a yi s-l hxt ea znev lkl ik) ur `ed Gpred •zexrd1 1.5?ea ynzydl lkep mitqep miyeniy dfi`l ,agexl yetig `ed BFS xen`k26.10.09 - dipy d`vxd1
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i

v e
 sxb 1.5.1?i

v e
 G m`d ,G (V,E) sxb oezp-y jk V1, V2 `vnl ozip m`d xnelk
V1 ∩ V2 = ∅

V1 ∪ V2 = V.V2-a zneve V1-a znev oia zxywn sxba zyw lkexnelk) x, y mipky miznv ipy sxba yi m` .zizexixy xgaiiy xewn znevn BFS uixp ,xiyw G ik gipp 1.8 dprh.i

v e
 epi` sxbd if` λ (x) = λ (y)-y jk ((x, y) ∈ Ezeveaw izyl miznvd z` wlgp .i

v e
 sxbd if` miiwzn `l i`pzd m` re
n d`xp dprhd z` gikepy iptl- xnelk ,xewnd znevn odly wgxnd ly zeibefd itl erawiiy
V1 = {v|λ (v) mod2 = 0}

V2 = {v|λ (v) mod2 = 1}.V1 ∪ V2 = V ik xexa xiyw G-y oeeike ,dwix dveaw `ed V1 ∩ V2 ik xexa?V2 e` V1 jeza zyw okziz `l re
n- zeveawd zg` jeza (x, y) zyw zniiw ik dlilya gipp.eply dgpdd ef - λ (x) = λ (y) ik okzii `l •.λ (x) + 1 < λ (y) jxe`a y-l s-n lelqn yi f` ik okzii `l df mb la` ,λ (x) = λ (y) + 2n n ∈ N - okl •.dveaw dze` jeza zyw zniiw `l xnelkdppi` (x, y) zywd .(x, y) ∈ E zyw zniiwe λ (x) = λ (y) = d-y jk x, y miznv ipy miniiw (1.8 dprhl) :dgked.x zervn`a y z` e` y zervn`a x z` epiliby okzii `l ik Gpred ura z`vnplelqn yi (y-e s oia lelqnde ,x-e s oia lelqnd) levitd z
ewpny oeeik - ibef i` jxe`a lbrn G sxba yi jk m`.(x, y) zywd z` siqep el`d milelqnd ipy l`e ,y-l 
re x-l 
r d′ ddf jxe`a
V1-a miznvd lk zriav i
i lr lynl - zelwa ze`xdl xyt` .ibef i` sxbdy okzii `l - ibef i` lbrn yi sxba m`
g` lk ly miravd z` raew df rav - miieqn rava lbrna 
g` znev ravp ,ipy rava V2-a miznvde 
g` rava!dxizq - ipyd rava oey`xd znevd z` reavl jixv seqale - lbrna mixg`d miznvdn

(Depth First Search) DFS mzixebl` 2dvxp DFS mzixebl`a .zg` dqexta epltih mrt lkae - yxeydn wgxnd itl zeqextl sxbd z` "epqxt" BFS-a.mixg` miznv dlbpe "dxeg` xefgp" rwzipyk wxe ,ozipy lkk winrdlmiznv 
er exzep `lyk wx "a`d znev"l dxeg` xefgie - y
g znev dlbpy mrt lka m
wzi "zelirtd fkxn"miznv eidi `le izlgzdd znevl beqi zelirtd fkxnyk miizqi jildzd ."zelirtd fkxn" jezn zelbl miy
g.elbzd `ly mitqep6



mzixebl`d 2.1- mipzyn 2.1.1(y
gd eny) znevd xtqn k (v)znevd a` f (v)(irah ,i ≤ |V |) ux qw
pi` i- envr mzixebl`d 2.1.2- legz` •
2→ i; 1→ k (s) ; s→ v –"dy
g" e onq e ∈ E lkl –("y
g" znev eyexit 0 oeniq) 0→ k (u) rva u ∈ V \ {s} lkl –

(NIL) "x
ben izla" f (u) onq u ∈ V lkl –- rva ,x
ben f (v) e` dy
g zyw yi v-l 
er lk •- rva if` e : v → u dy
g zyw v-l yi m` –dpyi e onq ∗- rva (y
g znev u xnelk) k (u) = 0 m` ∗
v → f (u) ; i→ k (u) ·

i+ 1→ i ·

u→ v ·

f (v)→ v - rva (zx
ben f (v)) zxg` –.dfk znev miiw 
er lk - ea epxwia `l oii
ry s2 znev mr aey mzixebl`d z` lirtp oeekn `l sxba 2.1 dxrdzeikeaiq 2.2
O (|E|+ |V |) - legz` •- dvix •.O (|E|+ |V |) xnelk ,ix`pil `ed dvixd onf 2.2 dprh.zeiepky zniyx i
i lr bvein sxbdy gipp :dgkedoeniqd z` el ozip znevl ribn zelirtd fkxn xy`k ,epnn ze`veid zezywd zniyx zniiw v znev xearzxkenk zywd z` onqp - mixikn xak epgp`y znevl dliaeny zyw lk xear ,(O (1) - zeikeaiq) mi`znd.(O (1) - zeikeaiqa)7



v ly zezywd zniyx lr xearl jiynp eilr d
eard meiqae ,eil` qpkp - y
g znevl dliaeny zyw xearxtqn Nv xy`k O (Nv) didi znev lk xear rvapy mi
rvd xtqn efk dxeva - epxvr eay mewnd eze`nxtqn it lr zelert xtqn mirvan znev lkae ,zg` mrt znev lk lr mixaer lkd jqa .v ly mipkyd.O (|V |+ |E|) - dvixd zeikeaiq okl ∑

v∈V

Nv = |E| miznvd lkl lkd jqae ,epnn ze`veid zezywdsxba zezywd ibeq 2.3dpey`xd mrta miznvd z` dlbn DFS okx
 zezywd - ur zezyw •zyw i
i lr dlbzd v-e ,k (u) < k (v) + 1 okl ,v ly oen
w a` u-y jk (u, v) zezyw - zein
w zezyw •.(u′, v) zxg`.k (v) < k (u) - okl ,u ly oen
w a` v-y jk (u, v) zyw - zeixeg` zezyw •zezywe V i
i lr xvepy DFS-d xria mipey mivr ipya mi`vnp v-e u-y jk (u, v) zyw - zeveg zezyw •.urdmihtyn 2.4.v-l ribi DFS if` v znevl s-n oeekn lelqn sxba yi m` 2.3 htyn- `ed v-l s-n lelqndy gipp :dgked
s→ v1 → v2 → . . . vk−1 → vk = vlkzqn did `ed ,eil` ribn did `ed m`) vk−1-l ribd `l `ed gxkda okl ,v = vk-l ribd `l DFS ik dlilya gippribd `l mbe ..'eke vk−3 ,vk−2-l ribd `l "zelirtd fkxn" ote`d eze`a (vk znevd z` dlbne (vk−1, vk) zywd lr!dxizq - s-a did zelirtd fkxn la` ,s-l.s-n "mibiyi"d miznvd lkl ribi DFS mzixebl` s xewne G oeekn sxb ozpda 2.4 dpwqnmd v-n beqp zelirtd fkxny 
re v-l ribd zelirtd fkxny xg`l elbzdy miznvdy gippe ,znev v `di 2.5 dprh.dfd x
qd it lr {u1, u2, . . . uk}.DFS ura v ly mi`v`v u1, u2, . . . uk if`- k miznvd xtqn lr divwe
pi`a :dgked.okn xg`l eil` xfge v-n eil` xar zelirtd fkxn ik ,v ly oky zeidl aiig u1 ,k = 1 - qiqa •- uk xear gikepe ,v ly mi`v`v md u1, u2, . . . uk−1 ik gipp - 
rv •.v ly `v`v uk mb v ly `v`v uk−1-y oeeike ,uk−1 ly `v`v uk - dlbzn uk .1- f (uk−1) iabl jynp jildzd f (uk−1)-l beqp zelirtd fkxne dlbzn `l uk m` .2`ed f (uk−1) divwe
pi`d zgpd itle ,f (uk−1) ly `v`v uk f`e ,f (uk−1) i
i lr dlbzn uk-y e` (`).v ly `v`v uk okle ,v ly `v`v e` v8



ribn zelirtd fkxny e` dlbzn uk-y 
r dlilg xfege f (f (uk−1))-l xfeg zelirtd fkxn zxg` (a).oezpl dxizqa ,v-n dbiqpl 
r dlbzi `l uk - zxg` ,v ly `v`v `ed - dlbzn uk m` .v-lribdl did ozip DFS i"r dpey`xl oneq u xy`k n"n` u znev ly `v`v `ed v znev ,oeekn DFS ura2 2.6 htyn.mipneqn `l miznv wx likny lelqna u-n v-l- mipeeik ipyl libxk wlgp :dgked.DFS-d ura u ly `v`v v-y gipp - 
g` oeeik •
u→ v1 → · · · → vn → vdfd lelqna zezywd lk ,oneq u xy`k elbzd `l oii
r df lelqna v-l u-n lelqna miznvd lky xexa.dpey`xd mrta miznvd z` epilib okx
 zezyw xnelk - ur zezyw opid

u-n oeekn lelqn sxba did dlbzd u xy`k la` ,DFS-d ura u ly `v`v eppi` v-y dlilya gipp - ipy oeeik •.mipneqn `l miznv wx likny v-l
u→ v1 → · · · → vn → vgikedle (u ly `v`v eppi` xnelk) efd dpekzd el yiy dfd lelqna oey`xd znevd v-y gipdl ozip k"da.v-l u-n oezpd lelqna v-l m
ewd znevd - w onqpe ,lelqna miznvd lkl ziaihwe
pi`if` ,u-n dbiqpd iptle u-l ribdy ixg` v-l zelirtd fkxny dpey`xd mrtd m` ik (2.5 dprh) xak epgked.u ly `v`v v.u ixg` dlbzd v-y epl re
i ok enk ,u ly `v`v `l v ik dlilya epgpd`l zelirtd fkxn w → v zpeekn zyw yiy oeeik la` ,u-n zelirtd fkxn ly dbiqpd ixg` dlbzd v dpwqn

v z` zelbl xnelk - w → v zywd z` oegal ila (u-n dbiqpd iptl zrvazny dbiqp) w-n zbql leki did.dxizq efeur zezyw 2.4.1?s yxeydn oeekn ur zexyn ok` "urd zezyw" re
n.DFS zvix jldna epiliby miznvd lkl s-n milelqn zexyn el`d zezywd •1 `id znev lk ly dqipkd zbx
 •qt` `id yxeyd ly dqipkd zbx
 •.ur `ed xae
nd sxbd ik xexa ianewa epi`xy mihtynn2.11.09 3 d`vxd29



oeekn `l sxba DFS mzixebl` 2.5.a ly `v`v b e` ,b ly `v`v a if` DFS url zkiiy `l sxba (a, b) zyw m` 2.7 dprh
a-l ribd zelirtd fkxn xy`k ,miniiwzn 2.6 htyn i`pz .k (a) < k (b) xnelk b iptl dlbzd a ik gipp :dgked
b htynd itl okl ((a, b) zywd `ed lelqnd) mipneqn `l ea miznvd lkyk b-l a-n lelqn did dpey`xd mrta.a ly `v`v- zezyw ibeq ipy wx yi mipeekn `l mitxba 2.8 dpwqnur zezyw •zeixeg` zezyw •- zeniiw `l 2.7 dprhn.jtidl e` b ly `v`v a if` (a, b) zyw zniiw m` ik - zeveg zezyw •
(a, b) okle ,a-l ribpyk (a, b) zywd z` onqp b ly `v`v a-e ,ur zyw dppi` (a, b) m` - zein
w zezyw •.zixeg` zyw?s oezp yxeyn ligzn `ed xy`k sxba miznvd lka xwai DFS m`d .xiyw sxb epl oezp ik gipp - dl`yokle mipneqn `l miznva wx xaery sxba znev lkl (dlgzda) s-n lelqn yi xiyw sxbdy oeeik .ok - daeyz.sxba s ly mi`v`v eidi mleke ,mleka xwai DFS mzixebl` 2.6 htyn itlmiwixt i` miaikxe d
xtd iznv 2.6mixaer b-l a-n milelqnd lky jk a, b miznv bef yi m` d
xtd znev `xwp oeekn `l sxba s znev 2.9 dx
bd.s jx
wixt sxb 2.6.1d
xtd znev likny xiyw sxb `ed wixt sxb 2.10 dx
bdwixt i` aikx 2.6.2- miiwny 3dxyen sxb zz 2.11 dx
bd(envr ipta sxbk) wixt i` .1.wixt i` `ed mbe eze` likny dxyen sxb zz oi` .2- m` G ly dxyen G′ (V ′, E′) sxb zz ,G = (V,E) sxb ozpda3

V ′ ⊆ V .1
E′ = {(u, v) |u, v ∈ V ′ (u, v) ∈ E} .210



- onqp .G̃ lr sxb xi
bp G wixt sxb ozpda .miwixt i` miaikx (xzei e`) ipy ly jeziga `vnp d
xtd znev
G ly miwixt i` miaikx - C1, C2, . . . Ck •

G-a d
xtdd iznv - s1, s2 . . . sl •- xi
bp f`e
Ṽ = {C1, C2 . . . Ck, s1, s2, . . . , sl} •

Ẽ = {(si, Cj) |si ∈ Cj} •ur `ed G̃ lrd sxb ,G wixt sxb xear 2.12 dprh- G̃-a lbrn miiw ik dlilya gipp .xiyw G̃ mb xiyw G m`y xexa :dgkedla` .ixewnd sxba d
xtd iznv zeidl mileki mpi` lbrna d
xtdd iznv if` d
xtd iznv liknd lbrn yi m`okl ,milbrn xqg xiyw G̃-e dxizq eplaiw xnelk ,d
xtd iznv yi (lbrn hxta) lelqn lka okle ,i

v e
 sxb G̃.ur
lowpoint-d 2.6.3zlawznd S miznvd zveawa opeazp ,`ad ote`a v ly lowpoint-d L (v) xi
bp v ∈ V znev lkl 2.13 dx
bd- zitivtq DFS zvixl qgia

v znev .1.d
igi zixeg` zyw + v-n lgd DFS ura dni
w dkild i
i lr mdil` ribdl ozipy miznvd lk .2.L (v) = min
u∈S
{k (u)} - xi
bpe.d
xtd znev u if` L (v) ≥ k (u)-e DFS ura u→ v zyw zniiwe , k (u) > 1 ik gipp 2.14 dprhdid zxg` u ly mipen
wd zea`d 
g` l` v ly urd zzn zixeg` zyw zeidl dleki `l L (v) ≥ k (u) :dgked(k (u) > 1 ik x
beny) f (u) oial v oia 
ixtn u okle .oezpl 
ebipa L (v) < k (u) miiwzn

L (v) ≥ k (u) miiwzny jk u→ v zyw yi if` k (u) > 1-e d
xtd znev u m` 2.15 dprhjk ,u z` millekd miwixt i`d miaikxd z` H1, H2 . . . Hn onqp ,wixt sxbd xnelk ,d
xtd znev u :dgked
u zxg` L (v) ≥ k (u) miiwzn xnelk (k"da) v ∈ H2-l ribde H2-l xar jk xg`e u-l ribd ,H1-a ligzd DFS-y.d
xtd znev did `l.yxey eppi`y d
xtd znevl (n"n`) oeiti` eplaiw xnelk.DFS ura mipa ipy zegtl el yi n"n` d
xtd znev `ed s yxeyd 2.16 dprh- mipeeik ipy :dgked11



.zeveg zezyw oeekn `l DFS sxba oi` ik v-e u oia 
ixtn s .u, v mipa ipy yi s-l ik gipp - 
g` oeeik •ixg` wx v-n beqii DFS okl ,v-a lk m
ew xwan DFS k"da .v-l u oia d
xtd znev s ik gipp - ipy oeeik •.u ∈ H2-a xwai DFS (s l` dbiqpd xg`l) f` wx ,(v ∈ H1) H1 zexiywd aikxa miznvd lka xwia `edy.mipa ipy zegtl yi s-l xnelk
u - yxey `ed u m` .L (v) ≥ k (u)-y jk v oa u-l miiw n"n` d
xtd znev u if` yxey `l `ed u m` - zxekfz4.mipa ipy zegtl el yi n"n` d
xtd znev `ed?L (v) z` miaygn ji`

L (v)← k (v) ,dlbzn v znev xy`k •.L (v)← min {L (v) , k (u)} - ok
rp v → u zixeg` zyw dlbn DFS xy`k •.L (v)← min {L (v) , L (u)} - ok
rp ura v-l u-n beqp DFS xy`k ,ura v ly oad u-e yxeyd `l v m` •
lkl L (v) = 1 df dxwna ,f (v)-l v-n dbiqpd xg`l rawp L (v) ly iteqd jxrd .lowpoint aeyigl `nbe
 :1 xei`.sxba znev zeikeaiq gezip 2.6.4,znev ielib) dlert lkl O (1)-a zelert siqep DFS zvix jldna znev lkl lowpoint aygl mivex epgp` xy`k.O (|V |+ |E|) - zxnyp DFS zeikeaiq okl .(znevn dbiqp ,zixeg` zyw ielibwixt sxb xear DFS zvix gezip 2.6.5milr mdy miwixt i`d miaikxd z` dlbn `ed ziy`x ,sxba miwixt-i`d miaikxd z` dlbn DFS mzixebl`sxbn miwixt i` miaikx 
ere 
er xiqdle zelbl jiynne lrd sxbn mze` "xiqn" `ed okn xg`l ,G ly lrd sxba- `nbe
l .meiql 
r lrdmenipin yxet ur 3yi ik gipp .(bi, bj) - odpia xa
l zelekiy zepgz ly zebef yie b1, b2, . . . bn - qiqa zepgz zepezpy gipp 3.1 dx
bdz` likne G ly sxb zz `edy ur `vnl `ed z`f zeyrl zlaewn jx
 ,qiqad zepgz lkl x
yl dvexy r znev.sxbd ly yxet ur `xwp dfk ur .sxba zezyw eidi ely zezywde sxbd iznv lk9.11.09 4 d`vxd4

12



c znevdn lgd DFS mivixn eilry sxbd :2 xei`

(me
`a zeixeg` zezyw ,legka ur zezyw) dvixd xg`le :3 xei`- lwyn ziivwpet zniiw xnelk ,ilily i` xign yi sxba zyw lkl ik gipp
W : E → R+,0 - xi
bp T yxet ur ozpda

w (T ) =
∑

e∈T

W (e).menipina didi w (T )-y jk W lwyn ziivwpet mr G oeekn `l sxb ly T yxet ur `vnl - dxhnd.jzg zezyw e`xwii V2-l V1 oia zexaery zezyw ,V1, V2 - miwlg ipyl eze` wlgpe G sxb gwip m` 3.2 dx
bd.jzg lkn zg` zyw zegtl likdl aiig yxet ur lky al miypzyw z` legka rav ,(ziaihxhi` dpapy "ur"d ly) dlegk zyw s` likn `ly jzg yi m` legkd llkd •.ilnipind lwynd mr jzgd.me
`a dze` rave (dreav `ld) xzeia d
akd zywd z` xga ,lbrn ozpda me
`d llkd •ixpbd mzixebl`d 3.1.zereav `l sxbd zezyw lk ,dligz •13



legka jzg zezyw ,jzgl `nbe
 :4 xei`.izexixy ote`a me
`d llkd e` legkd llkd zlrtd i
i lr ef xg` efa sxba zezywd z` rav •(n"tr) ilnipin yxet ur zexi
bn zelegkd zezywd - zereav zezywd lk xy`k xevr •.zereav `l zezyw lr wx milrten me
`de legkd llkd ,rav dtilgn `l mlerl zyw 3.3 dxrdzepekp zgked 3.1.1gwip .e zywd jx
 xaery 
igi lbrn yi T + {e} sxbd zza if` .ura `le sxba zyw e = (u, v) `dz 3.4 dprh.sxba yxet ur xi
bn T ′ if` ,v-l u-n (
igid) lelqna ura zyw e′ xy`k T ′ = T + {e} − {e′}.|T ′| = |T + {e} − {e′}| = n− 1 - okl |T | = n− 1 :dgked.e = (u, v) z` likny lbrnl zkiiyy e′ zyw ephnyd ik ,xiyw oii
r T ′ sqepa.ur `ed zezyw n− 1 mr xiyw sxb zz T ′ mivr lr htyn itl oklmenipin yxet ur zexi
bn zelegkd zezywde zereav zezywd lk mzixebl`d meiqa 3.5 htyn- miwlg ipyl dgkedd z` wlgp :dgkedyxet ur zexi
bn zelegkd zezywd meiqa if` ,me
`d e` legkd llkd z` lirtdl ozip 
rv lkay gipp .1.menipin.millkd 
g` z` lirtdl ozip aly lka .2.htynd z` epgked dyrnl ,mialyd ipy z` gikep m`zezywd lk z` likny menipin yxet ur sxba yi e1, e2, . . . ek zezywd zriav xg`ly divwe
pi`a gikep .1.e1, e2, . . . ek jezn dne
` zyw s`e e1, e2, . . . ek jezn zelegkdzelegkd zezywd lk z` likny menipin yxet ur miiwy xexa ,dreav zyw s` oi` k = 0 xear - qiqa •.dne
` zyw s`e14



- mixwnl 
ixtp ,ek zywd z` eprav k-d 
rvae e1, e2, . . . ek−1 xear dpekp dprhd ik gipp - 
rv •lk z` likny n"tr oi` xnelk ,dpekp `l dprhdy dlilya gipp .legkd llkd it lr ravp ek m` –zezywd lk z` likny n"tr T `di .(epravy zezywd jezn) dne
` zyw s`e zelegkd zezywd.ek /∈ T ik xexa dlilya dgpddn ,dne
` zyw s`e e1, e2, . . . ek−1 jezn zelegkddziid `l ek = (u, v) ik xexa .legkd llkd z` (x̄, x) jzg lr eplrtd legka ek z` reavl i
kzyw ea zeidl zaiig okle (xiyw okl ,ur) v-l u-n lelqn yi T ura .legka `le ,me
`a dreavlk z` likny y
g yxet ur eplaiwe ,T -a ek-a e z` silgp .l"pd (x̄, x) jzgd xear e zxg` jzgokle W (ek) ≤W (e) legkd llkd itl ,dne
` zyw s`e zelegkd zezywd
w (T + {ek} − {e}) ≤ w (T ).dxizq - n"tr `ed mb y
gd urd xnelks`e zelegkd lk z` likny menipin yxet ur lk ik dlilya gipp - me
`d llkd it lr ravp ek m` –.ek z` likdl aiig e1, e2, . . . ek−1 jezn dne
`ipyl wxtzi `ed ek z` T -n `ivep m` dgpddn ,e1, e2, . . . ek−1 xear llkd it lr dpapy n"tr T `dizegtl zeidl zaiig df lbrna - me
`a ek z` eprav ellbay lbrnd lr opeazp .T2-e T1 - mivr zzaey opeazp ,W (ek) ≥W (e) ik lawp me
`a ek z` epravy oeeik .T2-e T1 oia zxagny e zg` zyw

w (T + {ek} − {e}) ≤ w (T ) - ote`d eze`a wei
ae T ′ = T+{e}−{e′} - i"r xvepy yxetd urd lr.dxizq - ek z` likn epi`y n"tr T ′ ik lawp?millkd 
g` z` lirtdl ozip 
inz re
n5 .2- dreav `ly zyw lr opeazp .olek z` likny n"tr yi ik - xri zexi
bn 
inz zelegkd zezywdreavl ozip okle df lbrna dreav dpi`y d
igid zywd `id - xria mivrd 
g`a lbrn zxbeq `id m` (`).me
`a dze``vnp T1-y jk ,zeveaw izyl xria mivrd z` wlgp - xria (T1, T2) mivr ipy zxagn e zywd m` (a)yie ,dlegk zyw s` oi` jzgay ixd z
xtp dveawa `vnp ur lky oeeik .dipya T2-e zg` dveawa.legkd llkd z` lirtdl ozip okl (e zywd) jzga zg` zyw zegtl
zeilnihte`l mi`pz 3.2?n"tr ok` T ik `
eel i
k we
al ozip mi`pz eli` ,T ur ozpda.ce-a df jzg onqp ,miaikx ipy lawp urdn dze` xiqp m` - jzg dxi
bn ura e zyw lk ik al miyp.n"tr T if` - ilnipind lwynd z` yi e zywl ce jzga e ∈ T zyw lkl m` 3.6 dprhlwyna ur lawl ozip if` zilnipind zywd dppi` e eay ce jzg yi m` .igxkd i`pzd ik al miyp ziy`x :dgked.xzei dlwd zywa e ztlgd i"r xzei ohwzervn`a T urd z` zepal jx
 rivp .e zywd - ura 
g` bivp wx yi e ∈ T zywd i"r x
beny ce jzg lkljzga mrt lka oe
p .n"tr ok` T ik d`xp jke - n"tr ziipal illkd mzixebl`d ly zeyix
l mi`zny mzixebl`16.11.09 5 d`vxd515



dze` ravi mzixebl`d okl - jzga ilnipind lwynd zlra zywd `id e-e ,dlegk zyw s` dfd jzga oi` - ce.legka.n"tr T if` ura zxbeq e-y lbrna xzeia d
akd zywd `id e ik miiwzn e /∈ T zyw lkl m` 3.7 dprh- dxevdn milbrnd lk lr me
`d llkd z` lirtp :dgked
e = (u, v) + Lzezyw) me
`a dze` ravp okle lbrna xzeia d
akd `id e zywd .e /∈ T -e ,u, v oia T -a lelqnd `ed L xy`kzrk - me
`a zereav T -l uegn zezywd lk jildzd meiqa .(dne
` zyw s` oi` okle me
`a zeravp opi` urd.n"tr lawpe - legka eravi zezywd x`y lky 
r legkd llkd z` lirtdln qepn oi`

Kruskal mzixebl` 3.3.
akl lwn olwyn itl sxba zezywd lk z` oiin •- dxeza e zyw lkle ,lwynd x
q itl zezywd lr xear •.me
`a e z` rav - legk ur eze`l mikiiyy miznv ipy oia zxagn e m` –legka e z` rav - zxg` –(legka zezyw |V | − 1 eravp xy`k) yxet ur zexi
bn zelegkd zezywd xy`k xevr •.

ea znev `ed xria ur lk dlgzda .milegk mivr ly xri wifgn mzixebl`d aly lkaik legkd llkd z` lirtdl ozip (legk lbrn zxbeq dpi`e) zw
apy e zyw lk lr ?n"tr `ven mzixebl`d re
nd
akl dlwn zezywd z` xgea mzixebl`dy oeeik - dlegk zyw s` oi` (mixg`d miaikxd+) T2-l T1 oiay jzga.okl m
ew jzgdn zxg` zyw mipgea epiid zxg` ,jzga xzeia dlwd zywd e-y xexa -zeikeaiq 3.3.1.O (|E| log (|E|)) = O (|E| log (|V |)) - oein •ravp) zepey zeveaw izy zxagn `id m`d we
ap znev lk xear ,xria mivrd ly union − find wifgp •.O (|E| · log∗ (|V |)) - zeikeaiq k"dq (me
`a ravp) dveaw dze` jeza z`vnp e` (legka
Prim ly mzixebl`d 3.4(mzixebl`d i"r dyxtp xaky dveawd `id R) R = {v1} - legz` •(u ∈ R, v /∈ R-y jk) e = (u, v) zilnipind zywd z` xgae ,R, V \R jzgd lr legkd llkd z` lrtd •(R = R ∪ {v} - xnelk) R-l v z` sqede.m
ewd alyd lr xefg R 6= V 
er lk •.dlegk zyw ea oi`y jzg lr legkd llkd z` milirtn 
rv lka .zi
iin zlawzn - mzixebl`d zepekp16



zeikeaiq 3.4.1.O (|E| log (|V |)) zllek zeiaekiq lawle dnixr zervn`a ynnl ozip ,legkd llkd z` milirtn mday mi
rv |V |−1 yi6xzeia milw milelqn 4- lelqn lr opeazp .zezywd lr lwyn ziivwpet w : E → R-e ,oeekn sxb G = (V,E) `di
p = v1

e1→ v2 → · · · → vn−1
en−1
→ vn.w (p) =

n−1∑

i=1

w (ei) - lelqnl lwyn xi
bpe- onqpe ,v edylk znevl s oia xzeia lwd lelqnd z` `vnl dvxp s xewn znev ozpda
δ (v) = δ (s, v) = min

p
s v

{w (p)}- lynl ,x
ben gxkda `l xzeia lwd lelqnd v-l s-n lelqn miiw m` mby al miyp
x
ben `l dyrnl - seqpi` qepin lwyna `ed xzeia lwd lelqnd - ilily lbrn yi eay lelqn :5 xei`.miilily milbrn oi` la` ,miilily zezyw ilwyn epkzii ik gipp dzrn okllw lelqn `ed (i ≤ j lkl) p′ : vi  vj ⊆ p ely lelqn zz lk mb p : v1  vn xzeia lw lelqn ozpda 4.1 dprh.vj-l vi-n xzeia- xnelk .vn-l v1-n xzei lw lelqn `vnl did ozip xzeia lwd did `l vj-l vi-n lelqnd zz m` :dgked

p-n xzei xvw ekx
 y
g p∗ lelqn zepal ozipy ixd w (p′′) < w (p′) m` :6 xei`xzeia xvw lelqn p ik oezpl dxizqa
δ (s, v) ≤ δ (s, u) + w ((u, v)) - miiwzn s xewn lkl ("yleynd oeieey i`") 4.2 dprhzywd + (u-l s-n xzeia lwd lelqnd hxta) u-l s-n lelqn lk lwyn i
i lr dlrnln meqg δ (s, v) :dgked

(u, v)23.11.09 6 d`vxd617



Dijkstra mzixebl` 4.1gztl lkepe ,dheyt xzei hrn dirad df dxwna ,w : E → R+,0 - xnelk ,miilily milwyn oi` eply sxbay gipp.(Dijkstra) dxhqwii
 mzixebl` z`
v ∈ V znev lkl δ (s, v) z` aygl s znev ozpda :dxhndmzixebl`d 4.1.1.d (v) =∞ lgz` v 6= s znev lkl •

d (s) = 0 lgz` •
V → T •rva T 6= ∅ 
er lk •.u ∈ T lk jezn ilnipin d (u) lra znevd u `di –(T -n u z` xqd) T = T/ {u} –- ok
r (v ∈ N (u) ∩ T - xnelk) T -a oii
r mi`vnpy u ly 7mipkydn 
g` lkl –

d (v)← min {d (v) , d (u) + w (u, v)}.π (v) = u mb ok
r d (v) z` epk
r ok` m` ∗zepekp zgked 4.1.2i
i lr) π miriavnd jezn lawzn lelqnd .d (v) elwyny iteq v-l s-n lelqn yi if` ,iteq d (v) m` 4.3 dprh.("dxeg`" dkild
T dveawdn d`ivid x
q lr divwe
pi`a :dgked.envrl s-n (
ala s) wix lelqn yiy epl re
i exeare s `ed T -n `viy oey`xd znevd - qiqa •ok
ry u znev miiw okle ,iteq d (v) .dprhd z` miniiwn v iptl T -n e`viy miznvd lky gipp - 
rv •miiw divwe
pi`d zgpd itl .d (v) = d (u) + w ((u, v)) - miiwzn oke (π (v) = u xnelk) oexg` d (v) z`.v-l s-n d (v) lwyna lelqn eplaiwe (u, v) z` dfd lelqnd seql xyxyp ,d (u) elwyny u-l s-n lelqnzgpd it lr miiwd lelqnd jxe`l jiynpe π (v) = u-l xearp ,v-n ligzp ,π miriavnd it lr lawzn lelqnd.divwe
pi`d.δ (v) = d (v) meiqa xnelk xzeia lwd lelqnd z` aygn dxhqwii
 mzixebl` ,v znev lkl 4.4 dprh
T -n miznvd z`ivi x
q lr divwe
pi`a :dgked

u-l mdn zyw yiy miznvd ,oeekn sxba718



.d (s) = 0 mbe δ (s) = 0 exeare T -n `veiy oey`xd znevd s - qiqa •zigkepd divxhpi`a xgapy znevd v ik gippe T -n eiykr 
r e`viy miznvd lk xear divwe
pi`a gipp - 
rv •.(s-n mibiyi `l llk miznvd - gikedl dn oi` zxg`) d (v) <∞ xear ,(ilnipind d (v) lra znevd xnelk)-a {T, V \T } jzgd z` dvegy df lelqna dpexg`d zywd z` onqpe v-l s-n xzeia xvwd lelqnd lr opeazplelqn zz `ed s y lelqndy oeeik .d (x) = δ (x) - divwe
pi`d zgpdn .y ∈ T -e x ∈ V \T xnelk (x→ y).δ (y) = d (x) + w (x→ y) - mb okle δ (y) = δ (x) + w (x→ y) ik miiwzn (s v) xzeia lw lelqn ly,d (y) = min {d (y) , d (x) + w (x→ y)} xnelk ,y z` hxtae ,eipky lk z` ok
r `ed T -n `vi x xy`k la`zeidl d (y) z` ok
r `ed T -n `vi x xy`k okle d (y) ≥ δ (y) - 
inz miiwzn zn
ewd dprhdn
d (y) = d (x) + w (x→ y) = δ (y)

s-n xzeia lwd lelqnd lr v iptl riten y-e miilily i` milwynd ik) δ (y) ≤ δ (v) mb miiwzn ik al miyp- eplaiwe (v-l
d (y) = δ (y) ≤ δ (v) ≤ d (v)md dlrnl mieieey i`d lk okle d (v) ≤ d (y) - okl ,T -a miznvd jezn ilnipind d (v) lra e`d v la`- mipeieey dyrnl
d (y) = δ (v) = δ (v) = d (v) .divwe
pi`d zprh z` epgkedezeikeaiq 4.1.3.T -a zilnipin zieez el yiy znevd z` `vnl jixv aly lka

O
(

|V |2 + |E|
) xnelk |T | − 1 zeikeaiqa - iai`p •

O (|E| log (|V |)) - dnixra yeniy i"r •
O (|E|+ |V | log (|V |)) - i'v`peait znixra yeniy i"r •lawle BFS-a ynzydl si
r (mdpia ilpeivx qgi mr milwyn ly xebq hq e`) midf milwynd lk m` •.O (|V |+ |E|)?miilily milwyn yi m` dn 4.1.4- (Relexation) dylgd z`xwpy dlert xi
bpzeidl ely zieezd z` ok
rn v if` d (v) > d (u) + w (u→ v) m` .u→ v zyw lr opeazp •

d (v) ≡ d (u) + w (u→ v) .π (v) ≡ u ok
rn okez` ok
riy - divqwlx mzixebl` xevil dvxp xnelk ,d (v) ly jxra dira yi - divqwlxl i`pzd miiwzn m`8.dxhqwii
 i"r zelawzny ze`vezd30.10.09 - ziriay d`vxd819



qtqtie ,t-l s-n 3 lwyna lelqnd z` `vni df dxwna dxhqwii
 ,zilily zyw mr heyt sxbl `nbe
 :7 xei`.2 lwyna `edy u jx
 lelqnd z` legz`
d (s)← 0 •

d (v)←∞ ∀v ∈ V \s •

π (v)← NIL •miiwzn aly lka .zexfg llek divqwlx zelert eprviay gippe ,oiievy itk d z` eplgz`y gipp 4.5 dprh.v ∈ V lkl d (v) ≥ δ (s, v)divwe
pi`a gikep :dgked
δ (s, s) = 0 = d (s) - miilily milbrn oi`y oeeik - izlgzdd avna dpekp dprhd •zywd u → v `dze δ (s, v) > d (v) exeary oey`xd znevd v `di .dpekp dpi` dprhdy dlilya gipp •.dpekp `l zeidl dprhl dnxb dly divqwlxdy- epraw u→ v divqwlxd dzxw xy`k

d (u) + w (u→ v) = d (v)- xnelk d (v) < δ (v) ipy 
vn .d (u) ≥ δ (u) (dlilyd ly) zeipey`xd zgpd itl la`
d (u) + w (u→ v) = d (v) < δ (v) ≤ δ (s, u) + w (u→ v)

⇓

d (u) < δ (s, u) .dxizq oaenk efe.xzei dpzyi `l d (v) ly jxrd v znev xear d (v) = δ (s, v) xy`k 4.6 dpwqn
Bellman-Ford 
xet-onla mzixebl` 4.2(zeilily zezyw yi eay dxwna mb - oezp yxeyn znev lkl xzeia milw milelqn z`ivnl mzixebl`)- legz` •20



d (s) = 0 –

d (v) =∞ ∀v 6= s –

π (v) = NIL ∀v –- minrt|V | − 1 rva ,d`lel •- (∀e : u→ v) zezywd lk lr xear –- divqwlx rva d (v) > d (u) + w (e) m` ∗
d (v) = d (u) + w (e) ·

π (v) = u ·lbrn miiwy r
ed - yleynd oeieey i` miiwzn `l dxeary e : u → v zyw zniiw mzixebl`d meiqa m` •.ilily.divqwlx zlert s` drvazd `l day ziy`xd d`leld ly divxhi` ixg` mzixebl`d z` xevrl xyt` 4.7 dxrd(zepekp zgked) ?xzeia lwd lelqnd z` aygn mzixebl`d re
n 4.2.1mzixebl` ly k-d divxhi`d meiqa xge`nd lkl if` .zezyw k likn v-l s-n xzeia lwd lelqnd ik gipp 4.8 htyn.d (v) = δ (s, v) 
xet onla- k lr divwe
pi`a :dgked.d (s) = 0 = δ (s, s) legz`a xake v = s gxkda k = 0 xy`k •- v-l s-n xzeia lw lelqn lr opeazp .k xear gikepe k − 1 xear oekp htynd ik gipp - 
rv •
s→ v1 → v2  · · · → vk−2 → vk−1 → vk = vdivxhi`d meiqay ixd divwe
pi`d zgpd itl okle ,vk−1-l xzeia lw lelqn `ed s  vk−1 - lelqndrval xyt` m` miw
eae zezywd lk lr mixaer k-d divxhi`a .d (vk−1) = δ (s, vk−2) miiwzn k − 1-d- mipk
rn ok m` ,d (vk) > d (vk−1) + w ((vk−1 → vk)) m` miw
ea - hxta ,divqwlx

d (v) = d (vk) = d (vk−1) + w ((vk−1 → vk)) = δ (s, vk) -y okzi `ly al miyp
d (vk) < d (vk−1) + w ((vk−1 → vk)).okzi `l dfy epgkede d (vk) < δ (s, vk) f`y iptnzeikeaiq 4.2.2.O (|E| · |V |) - zeikeaiq okl ,zeivxhi` |V | − 1 xzeid lkl yi .O (|E|) - zyw lk miw
ea divxhi` lka21



xzeia milw milelqn ur 4.2.3.xzeia milw milelqn ur mixi
bn π miriavnd dvixd z` miiqn mzixebl`d xy`klr divwe
pi`a ?re
n .v-l s-n d (v) lwyna lelqn mixi
bn π miriavnd if` d (v) < ∞ m` ,aly lka .1.divqwlxd zelert xtqnelwyny lelqn yi divwe
pi`d zgpd itl d (v) z` mipk
rne u → v zywl divqwlx miyer xy`k •divwe
pi`d zgpd okl π (v) = u-e d (v) = d (u) + w ((u→ v)) divqwlxd xg`l .u znevl 
r d (u).zxnyp`l `ed - oeekn lbrnd m` if` ,milbrn likn `ed m` .oeekn ur zeidl aiig π miriavnd i"r x
beny sxbd .2lkl ik) dxizq efe - 2 dqipk zbx
 mr znev lbrna yi zxg` ,(mlerl ok
ern `l π (s) ik) s z` likdl lekiaey efe - 2 `id ely dqipkd zbx
y znev yi if` oeekn `l lbrnd m` .(π i"r x
bend 
igi "a`" yi znev.dxizq?ilily lbrn yi m` dxew dn 4.2.4- zeivqwlx zeyrl xyt` i` eay avnl ribp `l mrt s` dfk dxwnay d`xp
k∑

i=1

w (vi → vi+1) < 0-y jk k jxe`a lbrn gipp :8 xei`- yelynd oeieey i` z` zniiwny d (vi) ∀i ∈ [1, k] zieez zx
q yi ik dlilya gipp
d (v2) ≤ d (v1) + w (v1 → v2)

d (v3) ≤ d (v2) + w (v2 → v3)

...

d (v1) ≤ d (vk) + w (vk → v1) - xnelk
k∑

i=1

d (vi) ≤
k∑

i=1

d (vi) +
k∑

i=1

w (vi → vi+1)

0 ≤
k∑

i=1

w (vi → vi+1).oezpl dxizqa - ilily i` lbrna zezywd mekq xnelk
22



inpi
 oepkz 4.3- `nbe
l .(1, 2, . . . k) - dveawl mikiiy lelqna miznvd xy`k j-l i-n xzeia lwd lelqnd lwyn d
(k)
ij onqp

d
(0)
ij =







w (i→ j) if exists

∞ Otherwiseozip ji` d
(k−1)
ij z` mir
ei epgp` ik gipp .xzei (zelw) zephw zeira oexzt i
i lr zeira xeztl dvxp inpi
 oepkza- zeiexyt` izy yi ?d(k)ik z` aygl.d(k)ij = d

(k−1)
ij ik lawp k z` llek `l llk (1, 2, . . . k) miznvd mr xzeia xvwd lelqnd m` •

d
(k)
ij = d

(k−1)
ik + d

(k−1)
kj - zxg` •

i, j miznv bef lkl xzeia milwd milelqnd aeyigl mzixebl` 4.3.1- legz` •
d
(0)
ij =∞ zxg` ,efk zyw zniiw m` ∀i, j : d

(0)
ij = w (i→ j) –- rva |V | 
r k = 1 lkl •- rva |V | 
r i = 1 lkl –- rva |V | 
r j = 1 lkl ∗

d
(k)
ij = min

{

d
(k−1)
ij , d

(k−1)
ik + d

(k−1)
kj

}

·.O (

|V |3
)- okl |V | 
re 1-n mivx d`lel lka ,zeppewn ze`lel yely yi zeikeaiqzxg` dipa 4.3.2- `nbe
l .zezyw m xzeid lkl likny j-l i-n xzeia lwd lelqnd zeidl d

(m)
ij xi
bp

d
(1)
ij =







w (i→ j) if exists

∞ Otherwise - miiwzi df dxwna
d
(m)
ij = min

v∈V

{

d
(m−1)
iv + w (v → j)

}zxyxeyn eil`y - xg` znev lkl m− 1 xzeid lkl ekxe`y xzeia lwd lelqnd z` miytgn dyrnl epgp` o`k.j-e i oia m xzeid lkl `edy jxe`a xzeia lwd lelqnd z` mi`ven xnelk - j l` zyw.O (

|V |4
) - lawzzy zeikeaiqde ,il`ieexh - mzixebl`d

23



9miip
ng minzixebl` 5
rv lkae - ziaihxhi` dlert mirvan dirad oexzta .mitxba dira - lynl ,divfinihte` ziira xeztl dvxpo
ng mzixebl`l daeh `nbe
 .xzeia "dlef"d dlertd z` 
rv lka rvai o
ng mzixebl` .aeyig zlert mirvaneplkzqdy e` ,xzeia dlwd zywd z` epxgae jzg lr eplkzqd 
rv lka - n"tr ziipal epi`xy minzixebl`d `id.xzeia d
akd zywd z` epwxfe lbrn lroexztl ribdl i
k - xnelk ,xzeia aehd oexztd z` zzl lbeqn `l o
ng mzixebl` divfinihte` zeiraa llk jx
a.miilnihte` `l mi
rv "jx
a" zeyrl jxev yi llk jx
a ilnihte`dzeniyn ueaiy 5.1.dly meiqde dlgzdd z` oiivny - onfd xiva leexhpi`n zakxen dniyn lk J1, J2, . . . Jn onqp ,zeniyn n zepezp- mi`ad miveli`d zgz rvaz `idy zeniynd z` uayl jixvy ,dpekn l
nl leki lynl df.oezp onf lka zg` dniyn wx rval dleki dpeknd •.(seqa miiqle dlgzdd onfn ligzdl miaiig) iwlg ote`a dniyn rval ozip `l •.zevaeyny zeniynd xtqn z` mqwnny iweg ueaiy z`ivn dxhnd(dpey`x zniizqny dniynd) mileexhpi`d lk oian xzeia zil`nyd `id dly meiqd z
ewpy J dniynd 5.1 dnl.ilnihte` oexztl zkiiyztqep dniyn yi ilnihte`d oexzta gxkda xnelk ,OPT edylk ilnihte` oexztl zkiiy `l J ik gipp :dgked.J (enk onf eze`a e`) ixg` miizqn J ′-y gxkda miiwzn J zx
bdn .J mr zkzgpy J ′

J ′ ik) J ′ ixg` dligzny dniyn mr ybpzn J-y okzii `l ,J ztqezae J ′ `ll ilnihte`d oexztd lr opeazpmiizqz `id ik) oexzta J iptl dligzny dniyn OPT -a yiy okzii `l .(J enk onf eze`a e` ixg` miizqnilnihte`d oexztd enk zeniyn xtqn eze` likn `ede iweg ueaiy `ed df - xnelk .(J ′ mr ybpzze J ′ zligz ixg`.ilnihte` okl -- o
ng mzixebl` 5.1.1- didi oiiennd x
qd ,meiqd z
ewp itl mileexhpi`d z` oiin •
J1, J2, . . . Jn - mileexhpi` yi 
er lk •oexztl oiiennd x
qa (J) oey`xd leexhpi`d z` qpkd –

J mr mikzgpy mileexhpi`d lk z` wexf –7.12.09 - zipiny d`vxd924



,dpey`x zniizqny dniynd z` likny ilnihte` oexzt yiy oeeik ilnihte` oexzt xifgn mzixebl`d zepekp.divwe
pi`a jyndxzei zakxen dira - zeniyn ueaiy 5.2.di ievx meiq onfe ti dvix onf oezp Ji dniyn lkle .J1, J2, . . . Jn onqp ,zeniyn n zepezp.zg` dniyn wx rval dleki dpeknd oezp rbx lka •.svxa rvazdl dkixv dniyn lk •.fi = si + ti i"r oezp meiqd onf f`e si dlgzd onf reawl jixv dniyn lkl xnelk.li = max {0, fi − di} `ed i dniyn ly xegi` 5.2 dx
bd- ilniqwnd xegi`d z` xrfnny zeniynd ly iweg ueaiy `vn dxhnd
min
valid

arrangements

{

max
i≤n
{li}

}

miglven `l miip
ng millkl `nbe
- zi
bp `nbe
 .zexvw zeniynn xhtdl i
k ti itl zeniynd z` uay •
t1 = 1 d1 = 100

t2 = 10 d2 = 10- zi
bp `nbe
 .di − ti itl zeniynd z` uay •
t1 = 1 d1 = 2

t2 = 10 d2 = 10(EDF - Earliest Deadline First) mzixebl`d- odly meiqd onf t"r zeniynd z` oiinp •
d1 ≤ d2 ≤ · · · ≤ dn .f = 0 legz` •- i lkl ,oiiennd meiqd onf itl zeniynd lr xear •

si = f –

fi = si + ti –

f = fi –25



zepekp zgked(mda z
aer `l dpekndy mipnf) wxq ipnf oi` ea oi`y ilnihte` oexzt miiw 5.3 dprh.xzei m
wen rvazzy jk eixg`y dniynd z` mi
wp wxq onf yi m` :dgked-y jk dj meiq onf mr j dniyn iptl zvaeyny di meiq onf mr i dniyn yi m` dtlgd yi ueaiyl 5.4 dx
bd.dj < di.xegi` eze` yi zetlgd mda oi`e wxq ipnf mdl oi`y miveaiyd lkl 5.5 dprh
deadline eze` mr zeniyn izy `ed okziiy 
igid l
add zetlgd ilae wxq ipnf ila miveaiy ipy ozpda :dgkeddly meiqd onf la` ,dpexg`d `id ilniqwnd xegi`d zlra dniynd el`d zeniynd oian .slged odpia x
qdy.elld zeniynd oia iniptd xe
iqa ielz `l
EDF -y oeeik - zetlgd ea oi`y ilnihte` ueaiy yiy gikedl xzep EDF mzixebl` zeilnihte` z` gikedl i
k.ilnihte` EDF -y ixd ueaiy dfk xviinzeawer zeniyn izy zeniiw f` dtlgd odl yiy zeniyn bef yi m` .zetlgd ea yiy ilnihte` ueaiy mr ligzp?dtlgddn d`vezk dxwi dn .elld zeawerd zeniynd izy oia dtlgd rvap .dtlgd odl yiy.a, b ly mixegi`d lr wx drityn `id •.(ohw) xtzyd wx (xzei zxge`n dziidy dniynd) b ly xegi`d •- a ly xegi`d •

l (a) = fa − da < fb − db
︸ ︷︷ ︸

before
substitute
r ote`d zeze`a zetlgd rvale jiyndl ozip .ilnihte` xzep ueaiyd xnelk ,l
b `l mixegi`d meniqwn okl.zetlgd rval ozip `ly10Huffman ivr 5.3xy`k ix`pia ote`a uaewd z` 

ewl dvxp .uaewa rten zexazqd dpezp ez lkl .mieezn akxend uaew oezp.

ewnd uaewd jxe` z` xrfnl `id dxhnd
e
iw 5.3.1.ai ∈ {0, 1} xy`k w = a1a2 . . . an - `id {0, 1} lrn 
ew zlin •

l (w) - oneqi dlind jxe` •.
ew `xwi zewix `l 
ew zelin ly sqe` •14.12.09 ziriyz d`vxd10
26



- `nbe

C = {c1, c2, c3}

c1 = 01 c2 = 0 c3 = 10- lynl ,gprt 
g epi` C `nbe
a .eze` gprtl zg` zexyt` wx yi m` gprt 
g `xwi 
ew
010 =







01, 0 c1c2

0, 10 c2c3d`ixw i
i lr dyrii geprtd dfk dxwna .zxg` dlin ly `yix `idy 
ew zlin s` oi` m` ze`yix xqg `xwii 
ewozip ze`yix xqg 
ew .(gprt 
g 
ew `ed ze`yix xqg 
ew) zg` midfny rbxa 
ew zlin iedife oinil l`nyn.milrl zeni`zn 
ew zeliny jk - ur zxfra bviildirad zx
bd
e
iw `vnl mivex (minrt f (i) uaewa riten ,e`) uaewa ritedl f (i) ly zexazqd yi i ez lkl ,mieez n mipezp- z` xrfnny 
e
iw ytgp ,i ezl dni`znd 
ewd zlin jxe` `ed ci m` xnelk ,uaewd jxe` z` xrfnny
n∑

i=1

f (i) ci`ed 
ewd z` bviiny ura dlrd wner) ze`yix xqg 
ew `edy diral ilnihte` 
ew miiw (dgked `ll) 5.6 dprh(
ewd zlin jxe`-y jk ze`yix xqg 
ewl mi`znd ur - T miiw - dxhnd
cost (T ) =

n∑

i=1

f (i) dT (i).ilnipin cost (T )-y jk milr n mr T ix`pia ur `vnl epilr (T ura i-d ezd z` bviiny dlrd wner dT (i) - xy`k)hqwha riteny dlre ,(dxvw 
ew zlin) ura deab ritei minrt daxd hqwha riteny dlry dvxp - divi`ehpi`.(dkex` 
ew zlin) ura jenp ritei minrt hrnont`d mzixebl` 5.4- 
g`n le
b 
ewd zelin xtqn 
er lk .1
x, y - xzeia dkenpd rtend zexazqd mr 
ewd zelin izy z` gw (`)- mirten zexazqd mr z dy
g 
ew zlinl x, y z` 
g` (a)

f (z) ≡ f (x) + f (y)
ew zlin lk .m
ewd alya eprviay "
egi`" lk lvtp zrk ,urd yxey `id dxzepy dpexg`d 
ewd zlin .2.dlrl jetdz zixewn 
ew zlin lke ura inipt znev didz 
ew zelin izy ly 
egi`k dxvepy
27



dvxd znbe
 5.4.1
a b c d e f

45 13 12 16 9 5

⇓

a b c d e, f

45 13 12 16 14

⇓

a b, c d e, f

45 25 16 14

⇓

a b, c d, e, f

45 25 30

⇓

a b, c,d, e, f

45 55

⇓

a,b, c,d, e, f

100 - urde

ont`d mzixebl` zeilnihte` zgked 5.4.2(mipa 2 yi inipt znev lkl - xnelk) mly ur `ed T ilnihte` ur 5.7 dprhmiiw `l u ea y
g T ′ ur xevip .v 
g` oa lra u inipt znev eae ilnihte` T ur miiw ik dlilya gipp :dgkedgxkda okle ,
g`a 
xi u ly mi`v`v mdy milrd lk wner lk y
gd ura ,(v-l zexiyi xaegn u ly a`d)
cost (T ′) < cost (T )28



.zeilnihte`l dxizqamig` milr x, y eay T ilnihte` ur miiw ,xzeia dphwd mirtend zexazqd zelra milin izy x, y eidi 5.8 dprh(oexg`d hiad i
k 
r ddf x, y ly 
e
iwd - xnelk) ura xzeia miwenr- k"da gippe b, c (xzeia miwenr) mig` milr bef ura miniiw 5.7 dprh itl .dfk T miiw `ly dlilya gipp :dgked- if` f (x) ≤ f (y)-e f (b) ≤ f (c)

f (x) ≤ f (b)

f (y) ≤ f (c)-y jk T ′ y
g ur lawp y ↔ c-e x↔ b z` silgp m`e
cost (T ′) ≤ cost (T ) .dyix
d z` miiwn T ′ urde?x, y milrl z dlrd z` migzetyk mzixebl`a urd zelrl dxew dn

z zgizt iptl urd `ed T ′.dgiztd ixg` lawznd urd T

cost (T ) = cost (T ′)− f (z)dT (z) + [f (x) + f (y)] (dT (z) + 1) =

= cost (T ′) + f (x) + f (y).f (z) = f (x)+f (y)-e ,C′ = C\ {x, y}∪{z} ,xzeia dphwd mirtend zexi
z mr milin izy y-e x eidi 5.9 htynqgia ilnihte` `ed x, y milr ipyl z dlrd zgizt i
i lr T ′-n lawznd T urd f` C′-l ilnihte` ur `ed T ′ m`.C-l- miiwne C-l qgia ilnihte`d `edy T ′′ ur miiw ik dlilya gipp :dgked
cost (T ′′) < cost (T ).T ′′-a xzeia mikenp mig` milr x, y-y k"da gipp ,5.8 dprh itl
ewl ur `ed T ′′′-y al miyp ,z 
g` dlrl x, y mig`d milrd z` 
g`pe T ′′ z` gwip - `ad ote`a T ′′′ ur dpap- miiwzne ,C′

cost (T ′′′) = cost (T ′′)− f (x)− f (y) < cost (T )− f (x) − f (y) = cost (T ′)urd ly zelrdn xzei dphw ely zelrdy C′-l T ′′′ ur eplaiw xnelk .dlilyd zprhn riten <-d oniq xy`k!dxizq efe - T ′ ilnihte`dinpi
 oepkz 6.
`n le
b oiiprnd agxnd m` mb dira ly oexzt zxyt`nd dwipkh `id inpi
 oepkz
29



ilnihte` zevixhn ltk 6.1- oezp
A1 · A2 · · ·An.pi−1 × pi l
eba `id Ai dvixhn xy`k ,zevixhn?miixlwqd miltkd xtqn z` xrfnl liaya zevixhnd z` litkdl i`
k x
q dfi`a dl`y.p · q · r `ed Ap×qBq×r dlerta miltkd xtqne ,iaihiveq` `ed zevixhn ltk zxekfz

A10×100 ·B100×5C5×50 `nbe
- ` divte` •
(A · B) · C =⇒ (10 · 100 · 5) + (10 · 5 · 50) = 7, 500 - a divte` •

A · (B · C) =⇒ (100 · 5 · 50) + (10 · 100 · 50) = 75, 000.dti
r '` divte`y xexa - zevixhnd dpan lr 
gein r
in oi`y e` ,reaw `ed ixlwq ltk ly zelry dgpda?illkd dxwna dyrp dn?miixbeq miyl yi zeiexyt` dnk
P (n) =







1 n = 1
∑n−1

k=1 P (k)P (n− k) n 6= 1 - n− 1 ly olhw xtqn - xnelk
P (n) = C (n− 1) =

(
2n
n

)

n+ 1.mevr zeiexyt`d xtqn mile
b n ikxr xear?dpezp dltkn aygl zpn lr ilnipind zeixlwqd zeltknd xtqn `ed dn 6.1.1
A1 ·A2 · · ·Anzevixhnd ly dltkn aygl i
k yex
y ilnipind zeltknd xtqn m (i, j) xi
bp

Ai ·Ai+1 · · ·Aj30



- ziaiqxewxd dgqepd z` lawp
m (i, j) = min

i<k<j
{m (i, k) +m (k + 1, j) + pi−1pkpj} - dlgzdd i`pz mr

m (i, i) = 0mda ielz `edy m (i′, j′) mikxrd lk m (i, j) z` miaygn epgp` xy`ky gihazy aeyig ziibhxhq` xegal dvxp- dlahd lr opeazp m` .okl m
ew eayeg xak
i\j 1 2 3 n1 02 03 0 0 0
n 0- eizgzne el`nyny mi`za ielz `zy al miyp ,iy`xd oeqkl`l zgzny el` md aeyigl "mipiiprn"d mi`zdsiqep mrt lkae oezgzd il`nyd `zdn aygpe (ց) iy`xd oeqkl`l miliawnd mipeqkl` ly xe
iqa xgap okllr menipin zgwl jixve ,zepken zeyex
d ze`vezd lk) O (n)-a `z lk aygpy gihai df xe
iq .ր oeeika oeqkl`.O (

n3
)-a rvazi elek aeyigd lkd jqa okle (xzeid lkl mixai` n11mileexhpi` ueaiy 6.2- i"r oiite`n leexhpi` lk .xyid ewd lr mileexhpi` sqe` oezp

i-d leexhpi`d ly dlgzdd onf si •
i-d leexhpi`d ly meiqd onf fi •
i-d leexhpi`d ueaiyn geexd wi •.mikzgp `l S-a mileexhpi` ipy lky ueli`d zgz ∑

i∈S

wi z` meniqwnl d`iand S ⊆ {1, 2, . . . n} `vnl - dxhnd- `nbe
 ?
aer `l o
ngd mzixebl`d dnl
w=3
−→

w=1
−→

w=1
−→lwyn oziz zeniynd izy znlyd la` - enlyedy zelhnd xtqn z` meniqwnl `iadl dvxi o
ngd mzixebl`d.w = 3 oziz 
ala dpeilrd dniynd zxiga 
era w = 1 + 1 = 2- xi
bp sqepa .f1 ≤ f2 ≤ · · · ≤ fn - meiqd ipnf itl mixtqenn mileexhpi`dy gipp21.12.09 zixiyr d`vxd1131



oi` m` .(fp(j) ≤ sj-y jk le
b ikd jxrd ,xnelk) j mr jzgp epi`y leexhpi` ly le
b ikd qw
pi`d - p (j) •.p (j) ≡ 0 xi
bp dfk leexhpi`.diral ilnihte` oexzt S∗ didi 6.1 dprh.{1, 2, . . . n− 1} mileexhpi`l ilnihte` S∗ f` n /∈ S∗ m` .1.{1, 2, . . . p (n)} mileexhpi`l ilnihte` S∗\ {n} f` n ∈ S∗ m` .2:dgked- `ly dlilya gipp .1- mbe {1, 2, . . . n− 1}-l ilnihte` `edy S′ miiw ⇐
∑

i∈S′

wi >
∑

i∈S∗

wi.dxizq efe - ilnihte` `l S∗ okl {1, 2, . . . n}-l iliafit oexzt S′ ik xexa- okl .{1, 2, . . . i} mileexhpi`d exar ilnihte`d oexztd jxr - OPT (i) onqp
OPT (i) = max







OPT (i− 1)
︸ ︷︷ ︸

i/∈Optimal

, wi +OPT (p (i))
︸ ︷︷ ︸

i in optimal solution





.(oiienn hlwe p (i) ozpda) O (n) zeikeaqa ,oinil l`nyn xarn i"r OPT (n) z` aygl ozip - xnelk
Sequence Alignment ziira 6.3?”occurrence”-l epeekzd m`d epze` l`yi aygnd la` ,zniiw `l dlind - ”ocurrance” oelina miytgn ep`y gipp- ik al miyp

o � c u r r a n c e

o c c u r r e n c e

↑ ↑- z`f znerl .zg` dtlgde ,xzein geex miiw xnelk
o � c u r r a � n c e

o c c u r r � e n c e

↑ ↑ ↑ .zen`zd xqeg oi` la` - migeex dyely
32



wgxnd zx
bd
X = x1x2 . . . xm

Y = y1y2 . . . yn - oia M iweg je
iy
{1, 2, . . .m} , {1, 2, . . . n} -y jk(zg` mrt xzeid lkl zk
eyn divifet lk) je
iy M •.i < i′ ⇒ j < j′ if` (i, j) , (i′, j′) ∈M m` •?je
iy dler dnk.δ > 0 dlrz zk
eyn dpi`y divifet .1(α (x, x) = 0 llk jx
a) α (i, j) dlrz (i, j) ∈M .2.hlwdn wlg od δ, α xy`k- dirad.zilnipin zelr lra M je
iy `vnl `id dxhnd - X,Y, δ, α mipezp

M -a llk ek
ey `l yn e` xm if` (m,n) /∈M befd m` 6.2 dprh.ipyd i`pzl dxizq `id ef - i < m, j < n-y jk (m, j) , (i, n) ∈M la` (m,n) /∈M ik dlilya gipp :dgked- mi`adn 
g` zegtl miiwzn M∗ ilnihte` oexzta ,okl
(m,n) ∈M∗ .1

M∗-a j
ey `l m ∈ X .2
M∗-a j
ey `l n ∈ Y .3- if` .x1x2 . . . xi, y1y2 . . . yj zefexgnd ly xzeia dphwd je
iyd zelr - OPT (i, j) onqp

OPT (i, j) = min







α (xi, yj) +OPT (i− 1, j − 1) ,

δ +OPT (i− 1, j) ,

δ +OPT (i, j − 1)





 - xy`k






OPT (i, 0) = i · δ

OPT (0, j) = j · δ.O (mn)-a ilnihte` je
iy zelr aygl ozip lkd jqa33



Subset Sum ziira 6.4.K irah xtqn oezpe a1, a2 . . . an miirah mixtqn n mipezp.∑
i∈S

ai = K - y jk S ⊆ {1, 2, . . . n} - dveaw zz yi m`d - dl`yd- xi
bp?k wei
a dnekqy {a1, a2, . . . ai} ly dveaw zz yi m`d - P (i, k)- miiwzny al miyp
P (i, k) = P (i− 1, k) ∨ P (i− 1, k − ai) - xy`k

P (i, k) =







False k < 0

False i = 0, k 6= 0

True k = 0.i
nl drexb zeikeaiqd xnelk - O (n+ log (k)) l
eba `ed hlwd xy`k O (n · k) - zeikeaiqd
Knapsack ziira 6.5- mix
ben i hixt lkl .mihixt n mipezp.i-d hixtd l
eb si •.i-d hixtd ly geexd pi •.(miirah mil
bd lk) linxzd l
eb - B.size (S) = ∑

i∈S

si ≤ B-e ilniqwn ∑

i∈S

pi-y jk S ⊆ {1, 2, . . . n} mihixt ly hq `vnl dvxpitl ip
ng mzixebl`a lertle (l
eb z
igil geex) ilebqd lwynd itl mihixtd z` oiinl `id diral 
g` oexztz` gihai `l la` - mixwnd aexa aeh oexzt ozie ,hlwa il`inepilet onfa 
eari dfk oexzt - ilebqd lwynd.oexztd zeilnihte`wei
a `ed dly geexdy {1, 2, . . . i} jezn mihixtd ly (size zpigan) xzeia dphwd dveawd zz - Xi,j zrk xi
bp- if` .Xi,j = Null xi
bp efk zniiw `l m` .j
Xi+1,j =







Xi,j size
(
Xi,j−pi+1 ∪ {i+ 1}

)
> B or Xi,j−pi+1 = Null

minsize

{
Xi,j , Xi,j−pi+1 ∪ {i+ 1}

}
Otherwise.xzei ohwd size-d mr dveawd z` gwip j geex zelra {1, 2, . . . i}ly Y -e X zeveaw izz izy ozpida 6.3 dxrd34



12dnixf 7`nbe
xiardl ozipy ilniqwn avw x
ben zyw lkl (lawn zneve gley znev oia zyw) oeekn sxb `idy zxeywz zyx- dl`yd zl`yp ,dilr?gelyl ozipy ilniqwnd avwd dn •?ilniqwn avw lawl liaya zyxa zeri
id z` migley ji` •- (G, s, t, c) `id dnixf zyx 7.1 dx
bdoeekn sxb G •xea 
iwtza t-e xewn 
iwtza s xy`k s, t ∈ V •(c (e) - e zyw lr mixfdl ozip dnk - dnixf ziivwpet) c : E → R+ •- miiwzn m` dnixf ziivwpet `xwz f : E → R divwpet 7.2 dx
bd(leaiw iveli`) e ∈ E lkl 0 ≤ f (e) ≤ c (e) •13- miiwzn v 6= s, t znev lkl –

∑

e∈δ+(v)

f (e) =
∑

e∈δ−(v)

f (e) (xeniy iveli`)- zeidl x
beie |f | i"r oneqi f dnixf ziivwpet ly jxr 7.3 dx
bd
|f | ≡

∑

e∈δ+(s)

f (e)−
∑

e∈δ−(s)

f (e) .(s-n z`veiy dnixf "ehp")dirad.|f | z` meniqwnl d`iand f dnixf ziivwpet `vnl mivex (G, s, t, c) dnixf zyx ozpda- miiwzn m` s− t jzg `xwii (S ⊆ V xy`k) (S, S̄) jzg 7.4 dx
bd
s ∈ S, t ∈ S̄

28/12/09 - 12 d`vxd12
v znevl zeqpkpd zezywd zveaw δ− (v)-e ,v znevdn ze`veid zezywd zveaw `id δ+ (v) xy`k13
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|f | = 14 mr ziweg dnixf zyxl `nbe
 :9 xei`.s− t ikzg eidi mda oe
py mikzgd lk dzrn 7.5 dxrd- miiwzn (
S, S̄

) jzg lkl (G, s, t, c) zyxa dnixf ziivwpet 7.6 dprh
|f | =

∑

e=(u,v)∈E

u∈s
v∈S̄

f (e)−
∑

e=(u,v)∈E

u∈s̄
v∈S

f (e).(f dnixfd ziivwpet jxr wei
a `id S jzgdn z`veiy dnixf "ehp")- S-a miznvd lkl xeniyd iveli` lr mikqp :dgked- edylk s 6= v ∈ S-l xeniyd iveli` lr lkzqp
0 =

∑

e∈δ+(v)

f (e)−
∑

e∈δ−(v)

f (e) - lawp |f | zx
bd itl
|f | =

∑

v∈S




∑

e∈δ+(v)

f (e)−
∑

e∈δ−(v)

f (e)



- mr x`yp lkd jqa xnelk ,oini sb`a lhazz u, v ∈ S-y jk e : (u→ v) zyw
|f | =

∑

e=(u,v)∈E

u∈s
v∈S̄

f (e)−
∑

e=(u,v)∈E

u∈s̄
v∈S

f (e)

- c (S) i"r oneqi (S, S̄) s− t jzg ly leaiw 7.7 dx
bd
c (S) ≡

∑

e=(u,v)∈E

u∈s
v∈S̄

c (e)

36



|f | ≤ c (S) miiwzn (
S, S̄

) jzg lkl 7.8 dprh
e : (u→ v) zyw lkl .(c (S) oziz el` lr dnikq) f (e) ≤ c (e)-e u ∈ S, v /∈ S-y jk (u→ v) zyw lkl :dgked.|f | ≤ c (S)-y lawp 7.6 dprh itl ,f (e) ≥ 0 miiwzn v ∈ S-e u /∈ S-y jk- `ad ote`a zixeiy zyx xi
bp ,f dnixf ziivwpete (G, s, t, c) dnixf zyx xear 7.9 dx
bd

(Gf , s, t, cf)

Ef = E ∪
{
eR : (v → u) |e : (u→ v) ∈ E

}-y jk Gf = (V,Ef ) •- e ∈ Ef zyw lkl •






cf (e) = c (e)− f (e)

cf
(
eR

)
= f (e)-dy zezywa ynzyne t-a miizqne s-a ligzn `ed m` xetiy lelqn `xwii zixeiyd zyxa lelqn 7.10 dx
bd.ynn iaeig odly ixeiyd leaiwziivwpet .(Gf , s, t, cf) zixeiyd zyxa dnixf ziivwpet f ′-e (G, s, t, c) zyxa dnixf ziivwpet f 7.11 dx
bd- `ad ote`a x
bez f + f ′ dnixfd

(f + f ′) (e) ≡ f (e) + f ′ (e)− f ′
(
eR

).(G, s, t, c) dnixfd zyxl zx
ben f + f ′ 7.12 dxrdzniiwn f + f ′ divwpetd f` .(Gf , s, t, cf) zyxa dnixf ziivwpet f ′-e (G, s, t, c)-a dnixf ziivwpet f 7.13 dprh.(G, s, t, c)-a ziweg dnixf ziivwpet `id f + f ′ •.|f + f ′| = |f |+ |f ′| •14 :dgked- ziweg dnixf ly mi`pzd miniiwzn ik d`xp •- leaiw iveli` –

(f + f ′) (e) = f (e) + f ′ (e)− f ′
(
eR

)

4/1/2010 12 d`vxd14
37



zx
bdn ok enk .miiaeig mixtqn f (e) , f ′ (e) okl ,zeiweg dnixf zeivwpet od f, f ′ zeivwpetdn zg` lk- miiwzn zixeiy dnixf zyx
f ′

(
eR

)
≤ f (e)

⇓

f (e)− f ′
(
eR

)
≥ 0 - okle

(f + f ′) (e) = f (e) + f ′ (e)− f ′
(
eR

)
≥ 0 - miiwzn ok enk

f ′ (e) ≤ c (e)− f (e) - okle
(f + f ′) (e) = f (e) + f ′ (e)− f ′

(
eR

)
≤ c (e)- v 6= s, e xgap ,xeniy iveli` d`xp –

total outgoing -

∑

e∈δ+(v)

(f + f ′) (e) =

(1)
︷ ︸︸ ︷
∑

e∈δ+(v)

f (e)+

(3)
︷ ︸︸ ︷
∑

e∈δ+(v)

f ′ (e)−

(5)
︷ ︸︸ ︷
∑

e∈δ+(v)

f ′
(
eR

)

total incoming-

∑

e∈δ−(v)

(f + f ′) (e) =
∑

e∈δ−(v)

f (e)

︸ ︷︷ ︸

(2)

+
∑

e∈δ−(v)

f ′ (e)

︸ ︷︷ ︸

(4)

−
∑

e∈δ−(v)

f ′
(
eR

)

︸ ︷︷ ︸

(6).(1) = (2) - miiwzn dnixf zyx f -y oeeikdnixfd lk jql deey ((3)+(6)) v znevn d`iven `idy dnixfd lk jqy miiwzn dnixf zyx f ′-y oeeik- k"dqae ((4) + (5)) znevl zqpkpy
(1) + (3) + (6) = (2) + (4) + (5)

(1) + (3)− (5) = (2) + (4)− (6).efl ef zeey zexeyd izy - xnelk- dx
bd itl •
|f + f ′| =

∑

e∈δ+(s)

(f + f ′) (e)−
∑

e∈δ−(s)

(f + f ′) (e) =

=
∑

e∈δ+(s)

(
f (e) + f ′ (e)− f ′

(
eR

))
−

∑

e∈δ−(s)

(
f (e) + f ′ (e)− f ′

(
eR

))
=

=
∑

e∈δ+(s)

f (e)−
∑

e∈δ−(s)

f ′ (e)

︸ ︷︷ ︸

|f |

+
∑

e∈δ+(s)

(
f ′ (e)− f ′

(
eR

))
−

∑

e∈δ−(s)

(
f ′ (e)− f ′

(
eR

))

︸ ︷︷ ︸

|f ′|

=

= |f |+ |f ′|.gikedl epivxy dn ok` dfe - m
ewd sirqd seq ly milewiy mze` itl wei
a - oexg`d xarnd38



Min cut Max flow-d htyn 7.14 htyn- milewy mi`ad mi`pzd 3 ,(G, s, t, c) zyxa dnixf ziivwpet f.(G, s, t, c)-a meniqwn znixf f •.xetiy ilelyn oi` Gf -a •.|f | = c (S)-y jk (
S, S̄

) jzg miiw •:dgked- (1)⇒ (2) •

f ′ zixeiyd zyxa dnixf ziivwpet xi
bp .t-l s-n Gf zixeiyd zyxd p xetiy lelqn yiy dlilya gipp.(zixeiyd zyxa ziweg dnixf ziivwpet f ′ ik xexa) .min
e∈p
{cf (e)} - z` p zezyw lr dnixfny- dkxry(G, s, t, c) zyxa dy
g dnixf ziivwpet eplaiw 7.13 dprh itl

|f + f ′| = |f |+ |f ′| = |f |+min
e∈p
{cf (e)} > |f | .f ly zeilniqwnl dxizqa- (2)⇒ (3) •zezywd lk eilry u-l s-n lelqn yiy jk V -n u miznvd lk miniiw S-a - `ad ote`a (

S, S̄
) jzg xi
bp.ynn iaeig ixeiy leaiw mrxnelk (envrl s-n wixd lelqnd itl) s ∈ S okenk ,(xetiy lelqn Gf -k oi` ik oezpd itl) t /∈ s ik al miyp.s− t jzg `ed(S, S̄).l"pd (

S, S̄
) jzga idylk e : u→ v jzg zyw lr opaezpixeiy leaiw mr u → v zyw dzid Gf -a zxg` ik) f (e) = c (e) miiwzn gxkda u ∈ S, v ∈ S̄ m` –.(v ∈ S f`e ynn iaeigdziid Gf zixeiyd zyxa if` f (e) > 0 m` .f (e) = 0 miiwzn gxkda u ∈ S̄, v ∈ S - zxg` –zezywa ynzynd u-l s-n Gf zixeiyd zyxa lelqn yi f`e ynn iaeig ixeiy leaiw mr eR : v → u.u /∈ S-y jkl dxizqa - ynn iaeig ixeiy leaiw mr- miiwzn 7.6 dprh itl

|f | =
∑

e=(u,v)∈E

u∈s
v∈S̄

f (e)−
∑

e=(u,v)∈E

u∈s̄
v∈S

f (e) =
∑

e=(u,v)∈E

u∈s
v∈S̄

c (e)− 0 = c (S)

(3)⇒ (1) •-y jk (G, s, t, c) zyxa f∗ zniiw okl .meniqwn znixf dpi` f -y dlilya gipp
|f∗| > |f | = c (S).dxizq efe |f∗| ≤ c (S) miiwzn 7.8 dprh itl la`39



Ford-Fulkerson ly mzixebl`d 7.1.e ∈ E lkl f (e) = 0 z` milgz`n .1- p xetiy lelqn yi Gf -a 
er lk .2.(zexg` zezyw lr qt`e) min
e∈p
{cf (e)} z` p lr dnixfnd Gf -a dnixfd ziivwpet f ′ `dz (`)

f ← f + f ′ (a)
f z` xfgd .3zepekp.Min cut Max flow-d htynn zraep mnixebl`d zepekpmihiaa el`k mielaiw bviil ozip `l ,xevri gxkda `l mzixebl`d miilpeivx `l mileaiw mixyt`n m` 7.15 dxrd.(minlyl ektdiy jk dfk xtqna mlek z` letkp - miilpeivx m`) minly mielaiwdy gipp oklewe
al yi divxhi` lka .zeivxhi` |f∗| zeyrl lelr mzixebl`d f` idylk meniqwn znixf `id f∗ m` 7.16 dxrd.O (e · |f∗|) mzixebl`d zeikeaiq okle xetiy lelqn miiw m`ddl`y?dvixd onf z` xtyl liaya "dnkg" dxeva milelqn xegal ozip m`d.le
b ikd jxra dnixfd jxr z` li
bny xetiy lelqn xegal - drvd

fp1 , fp2 , . . . fpk
- dnixf zeivwpet k `ed dnixf ilelqn k-l f ly wexit (G, s, t, c) zyxa dnixf zivwpet f 7.17 dx
bd-y jk

(G, s, t, c) zyxa t-l s-n lelqn `ed pi •

pi lelqnd zezyw lr wx ziaeig dnixf dnixfn fpi
•.f (e) =

∑k
i=1 fpi

(e) zenixfd mekq `id f •

|E| xzeid lkl liknd dnixf ilelqnl wexit miiw f -l f` (G, s, t, c) zyxa dnixf ziivwpet f m` 7.18 dprh.dnixf ilelqnmeniqwnd znixf jxr f` .(G, s, t, c) zyxa meniqwn znixf f∗ ,(G, s, t, c) zyxa dnixf ziivwpet f 7.19 dprh.|f∗| − |f | - `ed (Gf , s, t, cf) zixeiyd zyxaxetiyd Gf -a meniqwn znixf f dnixf40



(l"pd zeprhd izy itl) |f1| ≥
|f∗|
|E| |f∗| 0 1 
rv

|f2| ≥
(1− 1

|E| )|f
∗|

|E|

(

1− 1
|E|

)

|f∗| xzeid lkl f1 2 
rv... (

1− 1
|E|

)2

|f∗| xzeid lkl f1 + f2 3 
rv
(

1− 1
|E|

)k−1

|f∗| xzeid lkl ... k 
rv?1-l deey e` ohw (

1− 1
|E|

)k−1

|f∗| exear k jxr `ed dn - dl`yd- zixeiyd zyxa meniqwn znixf jxr mr x`yp zeivxhi` |E|+ 1 ixg`
(

1−
1

|E|

)|E|

|f∗| ≤
1

e
|f∗|.zeivxhi` O (|E| log (|f∗|)) - zeikeaiqd ,xnelk- `ed (G, s, t, c) dnixf zyx ly oirxbd15 7.20 dx
bd

S (G) =

{

e ∈ E|
e on a shortest path

from s to t in G

}

.zixeiyd zyxd ly oirxba xa
 ly eteqa oiiprzp ep` 7.21 dxrdzywd z` siqep m` .S (E) oirxba z`vnpd e = (u→ v) ∈ E `dz .dnixf zyx (G, s, t, c) `dz 7.22 dprh.dpzyi `l oirxbd eR = (v → u)zywd ztqed ixg` dpzyn `l δG (s, t)-y d`xp .G-a y-l x-n xzeia xvwd lelqnd jxe`l oeniq δG (x, y) :dgked(e ∈ S (G) ik ghaen P meiw) e zywa ynzynd t-l s-n xzeia xvw lelqn P `di .eR
ihnkq ote`a P lelqnd :10 xei`
δG (s, t) = δG (s, v) + δG (u, t)− 1z` dpihwd G-l eR zywd ztqed ik dlilya gipp (xzeia xvw `ed mb xzeia xvw lelqn ly lelqn zzy llba)- eR-a ynzynd P ′ y
g xzeia xvw lelqn miiw f` - δG (s, t)- P ′ jxe`

δG (s, v) + δG (u, t) + 1

11.1.10 - 12 d`vxd1541



onewn z` etilgd u, v ik al miyl yi ,ihnkq ote`a P ′ lelqnd :11 xei`.dxizq - δG (s, t)-n ynn le
b P ′ ly jxe`d ik eplaiwlelqn x`yp eR zywd ztqed iptl t-l s-n xzeia xvw lelqn lk .δG (s, t) z` dpyn dpi` eR zyw ztqed xnelk.zywd ztqed ixg` mb xzeia xvw.eR ztqed ixg` oirxba dx`yp eR ztqed iptl oirxba dziidy zyw lk
s-n y
g xzeia xvw lelqn zexveedl dnxb eR ztqed f` ik oirxbl zey
g zezyw eptqedy okzii `l ik al miyp.(ixyt` izla dfy epi`xe) t-l.(divwe
pi`a gikedl ozip) dpzyi `l oirxbd oirxb zezywl zeketd zezyw k siqep m` 7.23 dpwqnmiipydn 
g` zegtl f` .Edmonds Karp zvix jldna zeawer zeixeiy zezyx izy G′′-e G′ eidi 7.24 dprh- dxew mi`ad

δG′ (s, t) < δG′′ (s, t) .1
|S (G′′)| < |S (G′)| .2?G′-n zxvep G′′ xy`k dxew dn :dgked

S (G′)-a zezywl zeketd zezyw zetqep .1(qt`l jetdi dly ixeiyd leaiwd) mlrz S (G′) ly zg` oirxb zyw zegtl .2oirxb zezyw wx likn lelqnd xnelk) G′-a xzeia xvw xetiy lelqn xgea mzixebl`dy d
aera miynzyn o`k.(2) z` jk xg`e (S (G′) oirxbl zeketd zezyw ztqed) (1) z` m
ew zizx
q "rvap" gezipd jxevl .(S (G′)- δG′ (s, t) ≤ δG′′ (s, t) ik d`xp.xnyp t-l s-n xzeia xvwd lelqnd jxe` (1)-a S (G′)-l ziktdd zywd ztqed ixg` lirl dpwqnd itl.t-l s-n xzeia xvwd lelqnd jxe` z` li
bdl wx dleki ef dlert okl oirxbdn zezyw mi`iven wx (2) alya.δG′ (s, t) ≤ δG′′ (s, t)⇐

δG′ (s, t) = δG′′ (s, t)-y gipp - zxg` .epniiq δG′ (s, t) < δG′′ (s, t) m`lawp (δG′ (s, t) = δG′′ (s, t)-y dgpdd zgz) (2) aly ixg` .S (G′) = S (G′′) dpwqnd itl (1) aly ixg` ⇐.|S (G′′)| < |S (G′)| - okl S (G′′) ( S (G′)-yzixeiyd zyxd ly oirxbd - oiteligl) zixeiyd zyxa t-l s-n lelqn oi` xy`k Min cut Max flow-d htyn itl.meniqwn znixf epl yi (wix.(zixeiyd zyxa BFS dvixn divxhi` lk) O (

|V | |E|2
) - k"dq .O (|V | |E|) zeivxhi`d zenk ⇐42



uipii
 ly mzixebl`d 7.1.1.aly lka rvan la` tx`we q
pen
` ly mzixebl`l dne
 dxeva lret .O (

|V |2 |E|
)-a dniynd z` rvani

v e
 sxba xzeia le
b je
iy 7.2zezyw izy lkly lk X ⊆ E zezyw ly dveaw zz `ed je
iy G = (V,E) oeekn `l sxb ozpda 7.25 dx
bd.szeyn dvw znev oi` X-adirad.G-a xzeia le
b je
iy `vnl jixv .i

v e
 sxb G = (A,B,E)oexzt- `ad ote`a dnixfd zyx z` dpap

ihnkq ote`a dnixfd zyx ziipa :12 xei` - zilnxet
(G′, s, t, c′)







G′ = (V ′, E′)

V ′ = A ∪B ∪ {s, t}

E′ = {s→ w|w ∈ A} ∪ {v → t|v ∈ B} ∪ {u→ v|u ∈ A, v ∈ B, u→ v ∈ E}

c′ (e′) = 1 ∀e′ ∈ Ednly meniqwn znixf zniiw (e ∈ E lkl) c (e) ∈ N minly mileaiw zlra (G, s, t, c) dnixf zyxa 7.26 dprh.dze` `vnl ozipe43



.e ∈ E lkl f (e) ∈ N m` dnly dnixf f -y zixne` 7.27 dxrd- miiwzn FF ly divxhi` lk zligzay ze`xdl jixv :dgkeddnly f •minly miixeiyd mileaiwd lk •. FF ly zeivxhi`d ly divwe
pi`a dgkedd.1 e` 0 meniqwn znixfa mexfi zyw lk lr epipayzyxa 7.28 dpwqnmzixebl`d 7.2.1.l"pk (G′, s, t, c′) dnixfd zyx z` dpa .1
(G′, s, t, c′) zyxa f∗ meniqwn znixf `vn .2-y jk (u→ v) :G′-n zyw lk X-l sqed .3

u ∈ A, v ∈ B f (u→ v) = 1 zepekp zgked.iweg je
iy `ed X 7.29 dprh.zezyw izya zrbepy u ∈ A znev yi X-ay dlilya gipp :dgkedziipan la` .dnixf ze
igi 2 zegtl zeqpkp u-l f∗ ly xeniy iveli`n ,2 zegtl `id u-n z`veiy dnixfd zenk ⇐.dxizq .1 wei
a dleaiwe (s→ u) u-l zqpkpy d
igi zyw yi G′.ixhniq - zezyw izy ea zerbepy v ∈ B znev yiy dxwnd
|X | = |f∗| 7.30 dprh
⇐ dpwqnd itl :dgkedodilry zezywd xtqn `ed |X | - diipadn .f (u→ v) = 0 e` f (u→ v) = 1 miiwzn (u→ v) ∈ E′ zyw lkl.1 `ed mxfd- `ad jzgd lr lkzqp







S = {s} ∪ A

S̄ = {t} ∪B.|X | = |f∗| - okl |X | `id (
S, S̄

) jzgd ipt lr f ly dnixfd44



-y jk X ′ je
iy G-a miiwy dlilya gipp :dgked .meniqwn je
iy `ed X 7.31 dprh
|X ′| > |X | - `ad ote`a f ′ dnixf ziivwpet dpapzezywd .(u ∈ A, v ∈ B) lr dnixf z
igi f ′-l sqed e : u→ v zyw lkl .zg` zg` e ∈ X ′ zezyw lr mixaer
(s→ u)

(u→ v)

(v → t)- (G′, s, t, c′) zyxa ziweg dnixf ziivwpet f ′-y d`xp.t-e s mpi`y miznvd lkl xeniy miiwzn divxhi` lka f ′ ziipa ote`n - xeniy iveli` •....X ′-a zg` zyw xzeid lkl zrbep u ∈ A znev lk iweg je
iy `ed X ′-y oeeik - leaiw iveli` •...dxizq ef - f∗-n xzei dnixfny f ′ dnixf zyx eplaiw16minepilet ly xidn ltk 8- m` n dlrnn mepilet `ed A (x)

A (x) =

n∑

j=0

ajx
j .an 6= 0 - miiwzne?mepilet mibviin 
vik

~a = (a0, a1, . . . an) - min
wnd xehwe zervn`a - 1 bevii •- x0 d
ewpa A mepiletd z` jixrdl –- xpxed znkq itl aygl xyt` la` ,zelert O
(
n2

) jixv iai`p ote`a
A (x0) = a0 + x0 (a1 + x0 (a2 + . . . )).zeihnzix` zelert O (n) - k"dqa.zelert O (n) ,min
wnd z` xagp - minepilet ipy xagl –d`ln `l - 18/1/10 - 14 d`vxd16

45



- minepilpet ltk –

C (x) = A (x) ·B (x) - df dxwna
cj =

j
∑

k=0

akbj−k.O (
n2

) zeikeaiqa rvazi dltknd aeyig okl.zepey ze
ewp n+ 1-a eikxr i"r bveii n dlrnn mepilet - 2 bevii •
{(x0, y0) , (x1, y1) . . . , (xn+1, yn+1)} A (xi) = yi ∀i = 0, 1, . . . n.mepileta ely davdd z` miaygn jxr lk xear ,mipey mikxr n+ 1 mixgea ?2 beviil 1 beviin mixaer ji`.zelert O

(
n2

) - k"dqdivletxhpi`lkl dlrnn A (x) 
igi mepilet miiw i 6= j lkl xi 6= xj-y jk {(x0, y0) , (x1, y1) . . . , (xn+1, yn+1)} bevii lkl...zixnep dfilp` zxagn geztl xyt` :dgked .i = 0, 1, . . . n lkl A (xi) = yi-y jk n xzeidyeniy i"re O (
n3

) - zeikeaiqa ziai`p ,zix`pil ze`eeyn zkxrn oexzt i"r 1 beviil 2 beviin xearl ozip 8.1 dpwqn.O (
n2

) - fp`xbl zhiya- 2 dhiya mibveiny n xzeid lkl dlrnn minepilet ipy xeaig- heyt aygl ozip (midf x ikxr) ze
ewp n+ 1 mze`a mibvein B (x)-e A (x) m` •
C (xj) = A (xj) +B (xj) .O (n)-a aygl ozipe- xzeid lkl n dlrnn minepilet ipy ly dltkn- ziz
ewp letkl heyt xyt` (midf x ikxr) ze
ewp 2n+ 1 oze` i
i lr mibvein B-e A ik gipp m` •
C (xj) = A (xj) ·B (xj) .O (n)-a letkl ozip df dxwna okloeirxd 8.1zxiga i"r .oey`xd beviil xefgle df beviia letkl ,ipyd beviil xearl dvxp ,oey`xd beviia B (x)-e A (x) mipezp- onfa beviid oia xarnd z` ynnl ozip (2n+ 1 x
qn) miakexnd d
igid iyxeya A,B jexry

O (n · log (n))46


