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•��`jk+��ZY�(ceo�c@� �s`bk+��ZY�(ceo��l�p�Bce`b\ �e`biGce`bo���k+��o X g c���cQ�sm�c�^Io��p� �sfBce\.�8�~��ce]z��k q �eit]_^Ik÷`jo&fp�luY���X gQ`j��m�w/`df�`�k+��uY��^(ce`b\
�




�4>��"#4>h#��"JAi��&'Dj1J
�"'� k +>l�+>lX uY`b�I`j�G�Bu�����ce�����In�oìgtc��B�Sgt`bm�iQ]_^ q it]_^G\
G = (S, T, π)

`b��`í �scçgGce\s`jm�`b\s��^ `bo�m�uY�$ÿ
v1 = maxs∈S mint∈T π(s, t)

o�`b��W��eit]_^ k+^ uY`jk+\s`j�IiQ\.�[�xce]_ZY�|�[u/\s�X �e`b\.�IiQ\��I`j�G�Buìo��piQm/gtce\.`b�Iit\s��k+��ituY\lce��ce���8^
s ∈ S

�I`b�G�Bu X ý gt`b\s`j`bi�����f�wü�s�÷gGce\s`j�IiQ\í �sctgGce\s`j�IiQ\.�¾^°`jo�mdu/�.ÿ
v2 = mint∈T maxs∈S π(s, t)

o�`j� q �eiQ]_^�k+^°uY`jk+\s`j�IiQ\.�[�xce]_ZY�|�[u/\s�X �Iit\sm�`b\��I`b�G�Bu�o��piQmYgGce\s`jm�`b\s�[k+�|iQuY\~ce��ce�|��^
t ∈ T

�I`j�G�Bu�X ý gt`b\.`b`ji��s�pfBwü����gGce\s`bm�`j\
X �sk+�8\.k7^���k+��ZY��r ��\.wLcxf

•X
v1 = 3

� �e`b\.�IiQ\[�I`b�G�Bu�o�`b�[��m�c�^Io����l�s�pc�^I�
–

v2 = 5
� �Iit\sm�`b\[�I`b�G�Bu�o�`b����`jmj^I�[�sfBce\.�8�

–q � � �e`j\s�Iit\
←
qí W í�q � íNqø � íNq íNqq

↑
�Iit\sm�`b\ � �

v2 = 2, v1 = 2

r o$\.wLcxf
•

��&7�K".� �nm���$ k +>l�+pogto
G
k7^î�8�p� o��piQm

v
`b^I\s\~�pnp�I\�X uY`j�I`b�G�Bu ����ce�����In�o�gGc��B��gQ`jm�iQ]_^ q iQ]_^I\

G = (S, T, π)
`b��`�

s ∈ S
k7�Bk7^î�+�

t ∈ T
�I`b�G�Bu ^I` q �eit]_^Ik�c

π(s, t) ≥ v
�
t ∈ T

k7�Bk7^ ���
s ∈ S

�I`b�G�Bu�^I`tW¼�eiQ]_^IkX
π(s, t) ≤ vX fB`b]z`�o�ce�lï�oÂ�8�p�¶^I`&iQ]_^I\sk{gtoìr ���p���� `bï�oÂX ��ZY`b�[gQ`j��f�wLce\

v1, v2

ce�pce�|��^�uY`j�I`b�G�Bu�����ce�����Inpo~gtc��B�Sgt`bm�iQ]_^ q it]_^I\
G
`b�s`&r ��m��8Z
v1 ≤ v2

X W
X �8���÷�e`bo

G
í kvï�o

v1 < v2

gto�X q
X
v1, v2

k7^�þ�Z/c�^I\.���8�p�8��o&ce�sc��8����^G`
G
í kvï�o

v1 = v2

gto�X �
r �s]|��ce�

u/ce��f�wü�s��\��
v1 ≤ π(s, t) ≤ v2

X q �eit]|^~k+^Â�IiQ\.m�`b\#�I`j�G�Bu
t
`j��`jc_WY�eit]_^~k7^ì�e`b\.�IiQ\h�I`b�G�Bu

s
`j��`{X WX

s, t
k7^

X
v
�8�p�¶^I`

G
it]|^I\.k�c

v1 < v2

^S]z`bm�m�X q
gt`b`bituY\2� cek+^ u/`bk+\.`b�Iit\s�î�xce]_ZY����uY\.�

v1

í c{�
v
u/ce]zn�k�cekl]z`ÀZY���sklk�c��B`vW��eit]_^t^��xcxce`À�B\ ý oIÿ\lX

v ≤ v1� cek7^ uY`bk+\.`b�Iit\s���xce]_ZY����uY\s�
v2

í c5�
v
�pu/ce`b��k7�Bklgtk7^I`À^ ]_`bZY����k�k�c��B` q �eit]_^G^ �xcxce`À�B\ ý �$ÿX

v ≥ v2

gQ`j`bituY\X
v1 < v2

uYoìgQ`j�pu/ce�Scem�k+�|`biQ^�u/cem�ce`jcxc�^�`jo$�[`bmd^ ý wUÿ
X
v
o�ce�.c$�8�p�¶^I`�iQ]_^I\sk¶���Bk�c�� ���p��k7^S����f�wü���lu/oÂgt`b`bit\

v = v1 = v2

�pnp�I\s��`bï�oÂX
v1 = v2

]z`bm�m�X �
+ D-"'&7�q484>�%"#�sr�4%��&7�K".� �nm���$ k +>l�+pt����ce���÷�In�oÂgtc��B�a� gt`bm�it]|^ q it]|^I\s�#��ceo$`juYk{�euY`bm&��ïd�#it]_^I\�k7��X ZY\s]_^�`j`jce\.f#gQ`jiQ]_^I\[k+�¶�xce`jf�kv��ceïd]zmr o������en�ceo$��gGcek7^Iu `b��c�ZYiGc�u/ce`dce�p]_u/k�gQ`j�I]z`b\[�8^Io$������]z�

X
(1,−1)

í �e��k+k{�xce]z��m
– •X

(−1, 1)
í ��ce]_^Ik��xce]z��m

–X
(0, 0)

í ceiQ`ju
–í ^a�|k¸gt`À^Im

�



X W¹�8����^G`&it]_^I\sk{ï�oÂ�xce]z��m/�I`b�G�Bu�^I`&�e��k+kvgto�X W
X í W¹o&ce�sc$���p�¶^I`&it]_^G\.k{ïdoì�xce]_��mQ�I`b�G�Bu�^I`��pce]_^Ik¶gto�X q

X ø£o&ce�sc��8�p�¶^I`$it]_^I\sk{ï�oìceit`bu�`b�I`b�G�Buì^I`&gQ`jm�iQ]_^I��`jmd^Gkvgto�X �
r �e\sitk�fp��o&ce� A>"648�%9�u8A>�%P_D-P �K" k¶k�ceiQ^a]¾ce�I`jmt� ���Bk

X �8���#^I`
G
í kv`jï�o~gtce�I]�u/ce`jce�p]zuY�Â�8��ceoìce��^ D-"'&7�q48�%"6�J��&7�K" G

`b��`
�=� 
��%4v1'&7��&�h �%9�1w? A>"648�%9xAi�%PBDfP)�K" k +>l�+Hy

G
í k5`jïdol�s\s`bk+^ ���8`df�`$k+�8�_c¾`bn�ce� o&ce�¾^�� �'1#&-�_�'����,'1<h P 0�u5r��%()h�r�4>9��)&7� o �)&7��" G

`b��`X ���p�¶^I`
ý gQ`jiQ�pn¶`À^Io��p�.ÿs��]_��ce�

X ��ce]zo$k¶�s`b��iGcxf�m�`bo���o�ce����]_��ce���ì��`jk+��u � `b��ceiQ\.��]z�(cem��Vce\��
•X �8���#^I`

v
fBceitf�ceiQ��k+`j]zuY\s�

Gv
it]_^I\luYu�k7�Bk7^�o$`j���s`b��iGcxf�m�`bo���gQ`j]_`b��ce\�^S��m���ZY�

•X `jk+o�`jcxce`b��Z � ����i�fBceiGfBceit�SX WuYuY��`b�B�p�Â�e`b��gGce\s`b�Iit\s��o&ce�
Gv
it]_^I\s��uYuð�8�p� �ÕW÷�eit]_^ k7^ �¾ZYk+]z�îfBceiGfBcei

v
gQoðX qX

v
k7^a�|itce�

u
�
Gu
gt`bit]_^I\gt`bit]|^I\huYuY�#`b�B�p�¹�e`j�¼gtce\.`bm�`b\.�¶o&ce�

Gv
it]|^I\ í uYuY�÷���p�5� q �eit]_^�k+^~�¾ZYk+]z�hfBceiGfBcei

v
gQoðX �X

v
k7^a�|itce�

u
�
Gugt`bit]|^I\ í uYuY� `b�B�p��k7^�k+k�itc�^I\s�ao��Bce\s\s��o�ce�

Gv
iQ]_^I\ í u/uY�a�8�p�l� k+��cew5f�ceitfBcei

v
gQoðX �X u/ce`dce���|uY�I���lgt��u/cek+iQ^G\.�l��^Go$�V�

v
k7^a�|itce�

u
�
Gu

X ý
v1 = 3, v2 = 5

ÿ¾���p�h�e`jol��ï���iQ]_^I\sk7^�cem�`bo��#X � � 1

2W � 1

2

r o�\swÁcxf
r ^�^Io��p\lZY`bk+]z\$cs���BZY\�k+`bZY\[o&ce�~r ����wL��m�uY��k{�p]zce��W@�eit]_^t^S]z`bm�m

•��m�c�^Io��h�s�pc�^SiQ]_^I\lo&ce�l}���k���uYk+n�cem/���BZY\.��gQo
–X ��`bmd^��s�pc�^�it]|^I\lo&ce���pn��I\lk���uYk+n�cem/���BZY\.��gQo
–

z ��ï����I`j�G�BuY�lcekv]z`bZY��\���\
•

1

2
· 8 + 1

2
· 1 = 4.5

r o�ce��gGcek7^IuY�ì� ��m�c�^Io������sf�ce\s���V�p]_�|` q �eit]_^agto
–

1

2
· 3 + 1

2
· 5 = 4

r o&ce�lgGcek7^IuY�Â� ��`bmd^I���.fBce\s���V�p]z��` q �eiQ]_^agto
–X ý � í \~k�cxfBwUÿ��£u/ce]znpkhW@�eiQ]_^Ik{]z`ÀZY��\���ï��[�I`b�G�BuY�l���Bk

•

T$FIHVESò�H|{QMÛ��JÁúR} ó�{GF(��} ��õÀö
r gQ`jo����[gQ`j���_f��[uYoìcem�`bo��

X
v1 = 3

o�`j�~W¹�eit]_^�k7^SuY`bk+\.`b�Iit\s���xce]_ZY����uY\s�
•X

v2 = 5
o�`j� q �eit]_^�k7^SuY`bk+\.`b�Iit\s���xce]_ZY����uY\s�

•uY\.�[wL`À^I\aW¶�eit]_^°ï�o 1

2

u/ce�p��u/���~��`jmj^�����c�^(c 1

2

uQce���|uY�I���ì��m�c�^Go�������c�^ð�p]¾ce��W{�eit]|^2gto
•X �£k7^��xce]_ZY�

X
(0 ≤ p ≤ 1) 1− p

u/ce�p�|uY�I������`bmd^ ����c�^(c$X
p
u/ce�p��u/�I������m�c�^Go����s�pc�^a��]¾ce�VW(�eit]_^G^ ]_`jm�m&uY���

•ý ]zcek��lk+���|c�^I`j]zc.þ���wÛÿ�X
p
k7^a�s`b��itm�cen���� W¹�eit]_^Ikv]z`bZY��\[��ïQ�xce]_ZY��uY\s�h��ï�`bo~u/`bo��pm

•

9



��ï�`bo[��o��pm�c
1− q

u/ce�p��uY�I���÷��`jmj^ �sf�ce\s�pc
q
u/ce�p��uY�I���h��m�c�^Io$�¶�.fBce\s�{�p]¾ce� q �eit]_^G^�]z`jmdm�uY�8�

•X ý ]¾cek+�lk���þ8�pwGfBce�zÿ.X
q
k7^S�s`b��itm�cen�� q �eiQ]_^Ik{]_`bZY��\[��ïQ�xce]_ZY��uY\.�

S = {s1, s2, . . . sm}, T =
X u/ce`jn�ce�Â�e�

S, T
gt`b�I`j�G�BuY�¶u/ce�Bce��iGce�B^l�Inpo�gtc��B��gt`bm�it]|^ q it]_^G\

G = (S, T, π)
`j��`X

{t1, t2, . . . tn}uY\.`b`jiQ\.�
P = (p1,, p2, . . . pm)

��` í
m
`b�.ceïtW¹�eiQ]_^�k+^a����ce��\l�I`b�G�Bu

•

m
∑

i=1

pi = 1

pi ≥ 0(i = 1, . . .m) X
X
S∗ `jf�`�k+�#�e\$ce�Iu�W��eit]_^ak7^SgQ`j����ce��\s�[gQ`j�I`b�G�BuY��k7��uY�Bce��i

–k�ceiQ^
si
��ce�¾ZY� �I`j�G�BuY�¾^2��k�gt`À^Im�X �pce��Z��I`j�G�Bu gQw¹o���it`

S
uY`b��ceit\s� ���Bce�|iQ�l�I`j�G�Bu

–X u/ce\.ceit\s�l�po$^I�÷ø í c
i
í ��gGceit\s��W@u/ce�p��uY�I�lcek7^�����ce��\s���I`b�G�Bu/kX

S ⊆ S∗ gQ`j`bituY\�� ��ï����e�|ce\.�
–u/\s`b`jiQ\.�

q = (q1, . . . qn)
��` í

n
`b�.ceï q �eiQ]_^�k+^a����ce��\l�I`b�G�Bu

•

n
∑

i=1

qi = 1

qi ≥ 0 X
X
T ∗ `jf�`�k+�#�e\$ce�Iu q �eit]_^ak7^SgQ`j����ce��\s�[gQ`j�I`b�G�BuY��k7��uY�Bce��i

–uYu&�{gtu/ceo���k¼�eu/`bm�c�gt`b��ce�¾Z[gQ`j�I`À�Bu[gQw$gt`b`b��ceit\s�÷gQ`j�I`b�G�BuYk¹o��piQm�� Wt�eit]_^Âk7^����piQ\.�{ce\s�
–X

T ∗ k7^S���Bce��i
�
p, q
uQce`jce�p��uY�I�s��`jn�k

π
gtcek+^Gu/��uYk�]zceu�u/ce`j��k

π∗(p, q)
gtcek+^Gu/��uYol�p`df�wüm

(p, q) ∈ S∗×T ∗ k7�Bk •� �p\.cek7�
π∗(p, q) =

m
∑

j=1

n
∑

i=1

piqjπ(si, tj)

X
ïdo��

π
gGcek7^IuY�luY`b��itm�cen�uYo�uY�po�uY\

m× n
��f��I\

A
����`b��ZY\.�[gto$^a�|k¸gt`À^Im

–

π∗(p, q) = pAq>

it]|^I\lce\s������o&ce�
G∗ XG it]_^G\.��k+^a�|ce�p`j�8��uY�|]_�p� o���itm G∗ = (S∗, T ∗, π∗)

� cem���f�wü�¾^SiQ]_^I\s�
•X

G∗ k+��gtwtgQ`jk+]V�p������cemd�Imd�B�¾^SgQ`jw�^(ce\s�lX �Inpo í gtc��B��gt`bm�it]|^a`bmd^
o$`j�

G∗ iQ]_^I\s��W¹�eit]|^ak7^Su/`bk+\.`b�Iit\s���xce]|ZY�|��u/\s�
–

v∗1 = max
p∈S∗

min
q∈T∗

π∗(p, q)

X �BZY`j����f�wLce\l�sïj^Su/ceo��pk��euY`bm
∗

W�ø



o$`j�
G∗ iQ]_^I\s��W¹�eit]|^ak7^Su/`bk+\.`b�Iit\s���xce]|ZY�|��u/\s�

–

v∗2 = min
q∈T∗

max
p∈S∗

π∗(p, q)

X gQ`j����ce�8\�gt`b�I`j�G�BuY�
G
k7^����p��gtwto$�pit`

v∗
�pnp�I\s��X

v∗
`d¿b��ceu/ceo��e\s�ImQ� �8�p�¶^I`

G∗ iQ]_^I\sk{gto •X `jk+\s`bZYnpceoì�I`b�G�Bu o��piQm
v∗
u/ce]znpk¶k+�|iQk{cek{]_`bZY��\.�lW¹�eit]_^�k7^�����ce�8\l�I`j�G�Bu

–X `jk+\s`bZYnpceoì�I`b�G�Bu�o���itm
v∗
�pu/ce`b��k7�Bk¶gtk7^Ik¶cek{]_`bZY��\.� q �eit]_^�k7^�����ce�8\l�I`j�G�Bu

–X
v1 ≤ v∗1 ≤ v∗2 ≤ v2

r gt`bituY\�^���ce�p�
•X

v∗1 = v∗2
gQoÂiQ��c$��o����p�¶^I]

G∗ iQ]_^I\sk •
h#��"6489%4>"��EDfP)�K" k +po~+>lX W � q � í �V�e\s`jcemQ�xcen#`jfB`$k���]_��ce�[�Iit\s`jm�`b\s��ZYn�^I\

� `jï�o X uQce`bn�ce���e��gQ`j��ce�¾ZY��gQ`j�I`b�G�BuY��u/ce�Bce�|i ce��^ �Inpo í gGc��B��gQ`jmdit]_^ q it]_^I\
G
`j��`X �8���#^I`

G
k7^

G∗ �|ce�p`b���[uY��]z�p��k
r gt`bk�ceiQ^�gt`b]¾ce�I`bm

� �p\.cek7���
v∗1 = v∗2

gt`b`bituY\�ZYn�^G\.��`bo�m�uìuYo�gt`b`bit\s��iQ]_^I\�k7�Bk
•

max
p∈S∗

min
q∈T∗

π∗(p, q) = min
q∈T∗

max
p∈S∗

π∗(p, q)

r gt`b`bituY\
m× n

��f��I\
A
uY`b^G\.\l����`b��ZY\�k7�Bk í u/ce��`b��ZY\~�xc�^Ik+�

max
p

min
q

pAq> = min
q

max
p

pAq>

k+��o&ce��gtce\.`b�Iit\s����^Io.�
pi ≥ 0,

m
∑

i=1

pi = 1, p ∈ R
m

k+�#o�ce�lgGce\s`jm�`b\s�.c
qi ≥ 0,

n
∑

j=1

qj = 1, q ∈ R
n

��]_��ce��k¶u/cemd�B�
k7�Bk�ÿsX

tx+(1− t)y ∈ A
gt`b`bituY\

0 ≤ t ≤ 1
k7�Bk�c

x, y ∈ A
k+�Bk5gto[�s�pce\.iìu/o$�pitm

A ⊆ R
n ���Bce�|i�X WX ý

A
í �Vcek8c����e�smd`j�h�8ZYit���

A
í ��uQcxfBceiQmQ`bu&^

����ce����\~�sf�ceiQmQ`b�sceï
x1, x2, . . . , xm k7^S��ce\si þpce�p`b� Xx1, x2, . . . , xm ∈ R

n ��m�`b��u X q
m
∑

i=1

tixi

m
∑

i=1

ti = 1

ti ≥ 0 i = 1, . . . , m

11



k+��u/md\$ce�I\.c
x1, x2, . . . , xm k7^a��ce\.iQ� uYo��piQm x1, x2, . . . , xm k7^agt`b��ce\sit�[gQ`jnpce�p`j���[k+�÷uY�Bce�|i�X �`jf�`

Conv{x1, x2, . . . , xm}X
x1, x2, . . . , xm uYo���k�`À�B\s�¶�pu/ce`j�5��mdZYit�{����ce\sit�����Bce��it�¶`b�.ceï x1, x2, . . . , xm k+^���ce\.iQ�¾^lu/ceo��p��k¹�euY`bm

o�`b�[gQ�sk7^auY`j\s`jmdnp����k+n��B\.�
x = (x1, . . . , xn), y = (y1, . . . yn) ∈ R

n �pce�|� X �
〈x, y〉 =

n
∑

i=1

xiyi

�s�Bce��it��`jïdo
α ∈ R

`b�s`jc
0 6= a ∈ R

n `b��`{X �
Ha,α = {x ∈ R

n| 〈a, x〉 = α} X
R

n í ���pc�^I`j\ í k+� uYo��piQm
� �|]z��\�`jo$��]�`bmd^��p`jfBwü\

Ha,α
�pc�^I`j\ í k+����X �

H−
a,α = {x ∈ R

n| 〈a, x〉 < α}

H+
a,α = {x ∈ R

n| 〈a, x〉 > α}

itïd]�f�`b�pnp\l��c�^G`j\lk+� o&ce�
Ha,α

`À��gQ`j�p\.ceo cem�]_m�o�X
R

n �V��c�^I`b\Âk+� Ha,α
`b��`dc

K, L ⊆ R
n ��m�`b��u X �gto

L
í k

K
�e`b�

K ⊆ H−
a,α , L ⊆ H+

a,α

K
í ^a]z`bm�m/����c�� u/ce�pï�c$u/ceit`b�ho�k#� uQce�pcewL��� u/ce��ce\.i u/ce�Bce��ia`bu&^

K, L ⊆ R
n ��m�`b��u r �sfB��np����ZYn�^I\ X �X

L
í k

K
�e`j�hitï�]�f�`b�pnp\s�

Rn í ����c�^I`b\ í k+�#gt`b`ji�`jï�oÂX ��\.ce�I]
r gQ`jiQ�pn�`b^Io$�p����]_��ce�

•r gGce\s`jmd`j\s�[k+��ituY\~�e��ce���8^
x ∈ K, y ∈ L

� u/cxf�ceiQmt`bu&^So���\sm
–

min
x∈K,y∈L

d(x, y)

X `jfB`bk+iGceo��[it]z�p\s�[o�ce�
dX ý u/ce�pï���\~���|cemyÿ

d(x, y) > 0
í ^a��kvgt`À^Im

∗u/ce`j\s`bm�np�[u/cxfBceitmd��uY]zo�����f÷��ï����8ZYitk¸�|��`bm&��c�^I`b\ í k+���p`b�|�8m�c��8ZYit�
x, y
u/cxf�itm���u/oÂ�p��]zm

–X cek7^X
y
í k

x
�e`b�÷iQ]z�p\s��\l�p��i

y
í k

w
�e`b�÷iQ]z�p\s�lX

L
í k

K
�e`b�÷iQï�]�fB`b�pnp\

Ha,α
í ^aiGcxf���m

–

z X X Xp�8mdo���o&ce�
w ∗
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h#��"6489%4>"��JD-P ��"w
-&�()�*� k +po~+pocem�`bk+� X uY`bn�ce�ðgt`b��ce�¾Z gt`b�I`j�G�BuîuY�Bce�|i°gt�
G = (s, t, π)

�Inpo í gGc��B�ðgt`bm�iQ]_^ð`jmj^�it]_^G\��xceuYm
•^I`¸W÷�eiQ]_^Ik7^ u/ceo��p��kÂcem�`bk+� í u/ce�p]_o2gt`bk+`j\s�ªX �8�p�~^I`

G
k+^

G∗ �|ce�p`b����uY��]z�p��k7^�u/ceo��p��kX
v∗2
u/ce]znpk�cekv]z`bZY��\s�[����ce��\l�I`b�G�Bu

X �sïj�÷����ce��\l�I`b�G�Bu �e`bo�W¹�eit]_^Ik7^a`b��� ��k+`jk7^I���8��f���� ]z`bm�m
•r gQ`jmdit]_^I��`j�I`b�G�Bu�uYoÂ�p�pnp�Im
•

S = {s1, s2, s3 . . . sm}

T = {t1, t2, t3, . . . , tn}

X
A
�s��`b��ZY\s��u/ce��c�^�uYo

u1, u2, . . . , um ���e\s�Im/XG uYoìuYwü��`b`j\s� m× n
��f��I\l����`j�8ZY\.�

A
`j��u

•u/ce]znpk¶k7^Sgtcek7^Iu ce\.���8k¶]z`ÀZY�|\�o�ce�
(p1, p2, . . . , pm)

�|��ce�8\l�I`j�G�Bu�it]_^I\~W¹�eit]_^�gto
•

min
1≤j≤n

(

m
∑

i=1

piu
i

)

j

�ÕW@�eiQ]_^ak+^
(p1, p2, . . . , pm)

�|�pce��\l�I`b�G�Bu�k7�Bk+^a���|cemt� ��k�`bk7^I��uY]zm���\ì� ���Bk
–

min
1≤j≤n

(

m
∑

i=1

piu
i

)

j

< v∗2

r o����l�en�ceo��
R

n k7^Su/ce�Bce��i í uYu `ju&^a�p`jfBwüm •
K = Conv(u1, u2, . . . , un)

L = {(y1, y2, . . . , yn) ∈ R
n|yj ≥ v∗2 , j = 1, . . . , n}

X uQce��ï
L
í c

K
í ^�itce`df���uY�p\.ceo�k+`b��k¶cem���\.o$^a��m��8ZY�

–� ZYn�^G\.��`bnpk�� ���Bk X �sf��pnp��� ZYn�^I\s��gQ`jo�mdu/���po$^2k7�[u/oau/ce\.`b`jiQ\
K, L

u/ce�Bce��it�a� ����ce\s�
–r gQ`j`bituY\~� ��\$cek7��X

L
í k

K
�e`b��f�`b�pnp\s�

Ha,α
��c�^I`b\ í k+�#gt`b`ji

〈a, x〉 < α
�
x ∈ K

k7�Bk
∗

〈a, y〉 > α
�
y ∈ L

k7�Bk
∗X gt`b`bk�`bk7^ í `jo~gQ�

a
��c�ZYiGce�[k+^agt`b��`b�B�p��k7��^SitcxfB��m

–X
aj < 0

í ^a���
1 ≤ j ≤ n

gt`b`bi��p\.cek+�V� o�k7^S]_`jm�m
∗X

y = (v∗2 , . . . , v∗2 , yj , v
∗
2 , . . . , v∗2) , uj ≥ v∗2

����ce����\
y ∈ L

gQ`j��c�ZYitce���em�ce��uYm/`bï�o
·���p`bu/�I���

−∞
í k{��mdZYi

〈a, y〉
��c�ZYitce�lk+^auY`j\s`bm�np����k+n��B\s�Â� þpce�Im�`bo�k¶k�f�w

yj
��^Io.�

·� ���Bk{X
α
í \~��k�cxfBwt�po$^I��k¶��`j���÷o�`b�¾^��+�Bk

∑n

j=1
aj >

ZY�pnp�|c��
a 6= 0

`À�v� `j�|ce`b]¸gQ�s\#f�]zo�u/ce]zn�k8c_� gt`b`bk�`bk7^ í `johgt�
a
`j��`b�B��k7�¶� ���Bk

·X q �eit]|^Sk7^a�|��ce�8\l�I`j�G�Buì�scxce�s\ 1
P

n
j=1

· a
��c�ZYiGce�����Bk

0�pu/ce`j�[k+�Bk¶gQk7^I`b^a]z`ÀZY�|\[o&ce�~� ��ï�������ce�8\.���I`b�G�BuY�[uYo�iQ]_^I\ q �eiQ]_^�gto
·

max
1≤i≤m

〈

1
∑n

j=1

· a , ui

〉

W��



��uQce`b��k7�Bk{gQk+^G`b^ q �eit]_^Gk{]z`ÀZY�|\���ï����|�pce��\s���I`j�G�BuY�~� ���Bk
max

1≤i≤m

1
∑n

j=1
aj

〈

a, ui
〉

<
1

∑n

j=1
aj

· α

X
i
k7����ce���

α
í \l��mdZYi uY`j\s`bm�np�[��k+n��B\s�X gt`b`j�Im/���B�|c��

v∗2
uY��f�wü��k{���p`bu/�ak+�|iQm/ïdo�� 1

P

n
j=1

aj
· α < v∗2

í ^a��o��pmYgto
·X

〈a, (v∗2 , v∗2 , . . . , v∗2)〉 > α
� �sfB��np����`jn�k

∗� �p\.cek7�
·





n
∑

j=1

aj



 · v∗2 > α

X u/ceo��p��k�cem�`b����^a�s\sk{k�ceiQ^S��ï�c

W��


